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Abstract. Finsler space is differentiable manifold for which Minkowski space is the fiber of the tangent 
bundle. To understand structure of the reference frame in Finsler space, we need to understand the structure 
of orthonormal basis in Minkowski space. 

In this paper, we considered the definition of orthonormal basis in Minkowski space, the structure of metric 
tensor relative to orthonormal basis, procedure of orthogonalization. Linear transformation of Minkowski 
space mapping at least one orthonormal basis into orthonormal basis is called motion. The set of motions of 
Minkowski space V generates not complete group SO(V) which acts single transitive on the basis manifold. 

Passive transformation of Minkowski space mapping at least one orthonormal basis into orthonormal basis 
is called quasimotion of Minkowski space. The set of passive transformations of Minkowski space generates 
passive representation of not complete group SO(V) on basis manifold. Since twin representations (active and 
passive) of not complete group SO(V) on basis manifold are single transitive, then we may consider definition 
of geometric object. 
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CHAPTER 1 



Preface 



1.1. Structure of the Set of Motions of Minkowski Space 

This book appeared as a result of cooperation of authors on some of the issues that emerged as a result 
of the analysis of paper [8] . Euclidean space is the limiting case of Minkowski space, when the metric tensor 
does not depend on direction. However, although the matrix of the metric tensor with respect to orthogonal 
basis of Euclidean space is diagonal, the analog (2.3.9) of this matrix in Minkowski space is triangular matrix. 
This statement is extremely unsatisfactory. 

Since the theorem 2.3.8 does not restrict value of entries of bottom triangle of the matrix (2.3.9), then 
we must assume that this value is arbitrary. This leads us to the statement that basis manifold of Minkowski 
space is larger than basis manifold of Euclidean space. When we finished calculations for the section 3.1, we 
realized that although this value is unknown, but it is not arbitrary. 

The opportunity to simplify the equation [8]-(4.3) turned out to be more significant. The equation (2.4.8) 
resembles similar equation for the Euclidean space. From the equation (2.4.2), it follows that a matrix of a 
motion of Minkowski space is close to orthogonal matrix. 

Since the set SO{V) of motions of Minkowski space of dimension n is subset of the group GL{n) of 
linear transformation, then we may consider the product of motions. However the set SO (V) is not close 
relative to product. 11 In other words, the set SO(V) is not complete group. 1 ' 2 At present it is difficult to 
predict the physical consequences of this statement. However, since not complete group SO(V) has single 
transitive representation on basis manifold, and twin representation is also single transitive, then we may 
consider definition of geometric object. 

1.2. Measurement of angle 

In Euclidean space there are two ways of measuring the angle. 

Consider angle generated by rays a and b that have a common endpoint called vertex of angle. 




We expect the paper where it is shown that in Minkowski space with norm (3.4.1) there exist motions whose product is not 
motion. 

Not complete group is particular case of not complete f2-algcbra. 

Definition 1.1.1. Since operation uj £ f! is not defined for any tuple of elements of the set A, then the structure of not 
complete f2-algebra is defined on the set A. □ 

For instance, let associative product with inverse element and unit is defined on the set A. Thus, for any a £ A there exists 
b £ A, such that product ab is defined. However there exist a, b £ A, such that product is not defined. Then the set A is called 
not complete group. 
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1. Preface 



Consider a unit circle centered at the vertex of the angle. We can define the value of the angle as length of the 
arc contained between rays a and b. This method of measuring of the angle is used in different areas of human 
activities including Astronomy (the section [1]-1.9). 

When we perform analytical calculations it is convenient to define cosine of the angle using the scalar 
product of vectors that are parallel rays a and b. We assume that measurements were performed in pseudo- 
Euclidean space, where scalar product is symmetric. Therefore, the results of these methods of measurement 
are the same. 

Observer may choose any method of measurement of intervals of length and time. However, observers must 
agree on the standards of length and time in order to exchange measurement results. 

Therefore, each observer chooses its basis in such a way that the length of vectors of basis is equal to the 
length of the standard. We will call corresponding basis normal. Each basis is associated by the coordinate 
system arranged so that the coordinate x 1 of points on the axis of coordinates X % is the distance from the 
origin. In Euclidean space, we identify every point and radius vector of this point. The length of this vector 
is the distance from origin to the considered point. Square of the length of this vector is a quadratic form of 
coordinates. In case of Euclidean space, this quadratic form is positively defined. 

Observer can choose any normal basis. Accordingly, quadratic form defining the metric can be arbitrary 
form. However, we can reduce any quadratic form to canonical form ([3], p. 169 - 172). Corresponding basis 
is orthogonal basis. Orthogonal normal basis is called orthonormal basis. 

Thus, observer uses orthonormal basis to measure spatial and temporal intervals. 1 ' 3 

In Minkowski space, metric tensor is not quadratic form. The procedure of experimental determination of 
the metric for the given basis is more difficult task. By measuring the distance in different directions, we can 
construct an analog of the unit sphere in Euclidean space, namely surface 

|F(U)| = 1 

which is called indicatrix. In the paper [10], Asanov considered how, based on certain physical hypotheses, we 
can determine the form of Finsler metric. 

According to the remark 2.2.4, scalar product in Minkowski space is not commutative. Hence the cosine 
of the angle depends on the direction of measurement. Therefore, in Minkowski space, the results of discussed 
above methods of measurement do not match. Correspondingly, we may consider two different definitions of 
orthonormal basis. 

According to [15], vector w is orthogonal to vector v 7 if vector w is tangent to the hypcrsurfacc 
(1.2.1) F 2 (x) = F 2 (v) 

nomothetic to indicatrix. From the equation (2.2.9), it follows that vector W which is tangent to the hypersurface 

(1.2.1) holds the equation 

(1.2.2) g 13 (v)v l w 3 =0 

From the remark 2.2.4 it follows that vector w is orthogonal to vector v, if scalar product 

v ■ w = 

In this paper, we consider the definition 2.3.2 of orthogonal basis based on the definition (1.2.2) of orthogonality. 
However, there are other definitions of orthogonality, for instance [11, 13]. 

1,3 This step in reasoning seems like logical leap. Observing the free movement of solid and distracting from friction forces, Galileo 
discovers a law of inertia. When we move from a flat to a curved space, it is naturally to suggests motion along a geodesic instead 
of moving along a straight line. Request of orthonormality like Lagrange principle does not follow directly from the experiment. 
It seems surprising that the experiment confirms this view. 



1.3. Measuring the Speed of Light 
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1.3. Measuring the Speed of Light 

Observer in general relativity uses local basis in tangent space which is event space of special relativity. So 
the transition of observer from one local basis to another can be described by a Lorentz transformation. 

When geometry of event space changes so dramatically that transformation of basis changes its structure, 
some authors accept this change as Lorentz invariance violation ([14]). If we see in the experiment, that 
is a deviation in the structure of the Lorentz transformation, then it is an argument in favor that we should 
consider the new geometry. However, if the new geometry is correct, we should not restrict ourselves by Lorentz 
invariance. Our task is to understand what kind of algebra is generated by transformations of new geometry 
and how it affects the invariance principle. 

However there exists another concept of Lorentz invariance violation. This concept refers to the dependence 
of the speed of light on the direction ([12], p. 7, [13], p. 12). Standards of length and time and the speed of light 
are inextricably linked in the theory of relativity. If we know two of these parameters, we can determine the 
third. The choice of geometry is also important to determine the relationship between considered parameters. 

Light propagates in the Finsler space. However, since the operation of speed detection is the local operation, 
then we may consider this operation in the Minkowski space. We assume that vector eo is timelike vector, and 
the remaining vectors of the basis are spacelike vectors. 

To measure speed of light we need to assume that we specified standards of length and time. Let Finsler 
metric of event space have form ([12]-(3)) 

(1.3.1) F 2 (v) = -cV) 2 + Fi(v\v 2 ,v 3 ) 

where c is factor binding standards of length and time and F 2 is positively defined Finsler metric of 3- 
dimensional space. To find speed of light in direction in space (v 1 , v 2 ,v 3 ) , observer puts in a given direction 
segment whose length is equal to the standard of length 

F 3 (v\v 2 ,v 3 ) = 1 

and determines the time of propagation of light signal. Since the vector of propagation of light is isotropic, 
then from the equation (1.3.1) it follows that 

(1.3.2) -c 2 (v°) 2 + F 2 (v\v 2 ,v 3 ) = Q 
For any selected direction in space (v 1 , v 2 ,v 3 ) 

(1.3.3) ,° = ^W) = 1 

c c 

Therefore, for a given distance, time of propagation of light v° does not depend on direction in space. 

The speed of light in considered model does not depend on direction and equal c. In Finsler space, Finsler 
metric depends on point of manifold. So the procedure of measurement of speed of light should be done in 
infinitesimal area. 

An attempt to understand how the interaction of particles and quantum fields can change the geometry 
of event space is one of the reasons to study Finsler geometry ([10, 12]). Without doubt, only experiment can 
confirm whether the geometry of the event space is Finsler geometry and whether the speed of light depends 
on the direction. 1 ' 4 Our task is to find an effective tool for experimental verification of the nature of geometry. 



Physicists conduct experiments for testing the isotropy of the speed of light ([4, 5, 6]). The goal of experiments is to obtain 
limits on Lorentz invariance violation. 

Even if it turns out that the speed of light depends on the direction, this does not contradict to the statement that speed of 
light in given direction is maximal speed of signal transmission in given direction. 



CHAPTER 2 



Minkowski Space 



2.1. Homogeneous Function 

In this paper, we consider vector space over real field R. 

Definition 2.1.1. Let V be vector space. Function fix), x <E V, is called homogeneous of degree k, 

if 

f(ax) = a k f(x) 

a 

Theorem 2.1.2 (Euler theorem). Function f(x), homogeneous of degree k, satisfies the differential equa- 
tion 

(2.1.1) = km 

Proof. Wc differentiate the equation (2.1.1) with respect to a 
(o i o\ df(ax) da k 

According to chain rule, we get 

(213) df{ax) _ df(ax) dax 1 _ df(ax) ^ 

da dax 1 da dax" 1 

From equations (2.1.2), (2.1.3), it follows that 

(2.1.4) W&j = ha ^ m 

oax 

Equation (2.1.1) follows from equations (2.1.4) if we assume a = 1. □ 

_ df(x) 
Theorem 2.1.3. If f(x) is homogeneous function of degree k, then partial derivatives — { are homo- 
geneous functions of degree k — 1 . 

Proof. Consider equation 21 

(2.1.5) f(ax) = a k f{x) 
We differentiate the equation (2.1.5) with respect to x % 

From equation (2.1.6), it follows that 

df(ax) _ k _idf(x) 



(2.1.7) 



dx 1 dx l 



21 There is similar proof in [17], p. 265. 
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10 2. Minkowski Space 

df(x) 

Therefore, derivatives . are homogeneous functions of degree k — 1. □ 
ox 1 

If mapping 

f :R^ R 

is homogeneous of degree 0, then f(x) = const. In general, we can only state that 

f(tx)=f(x) teR 
We will also say that the mapping / is constant in the direction of x. 

2.2. Finsler Space 
In this section, I made definitions similar to definitions in [12]. 

Definition 2.2.1. A vector space V is called Minkowski space 2 2 when, for the vector space V, we define 
a Finsler structure 

F : V ^ R 

such that 

2.2.1.1: The Finsler metric F 2 is not necessarily positive definite 2 ' 3 
2.2.1.2: Function F(x) is homogeneous of degree 1 

(2.2.1) F(ax) = aF(x) a>0 

2.2.1.3: Let e be the basis of vector space A. Coordinates of metric tensor 

1 d 2 F 2 (v) 

form a nonsingular symmetric matrix. □ 
Let V, W be Minkowski space of the same dimension. Let 

f:V^W 

be nonsingular linear mapping. We accept as general rule ([2], p. 176), that if either 
or 

where Fy is Finsler structure in Minkowski space V, Fyy is Finsler structure in Minkowski space W, then we 
will not consider appropriate geometries significantly different and will examine only one of them. In particular, 
if F(v) < for any vector v, then, without loss of generality, we may consider Finsler structure 

F'(v) = -F(v) 

instead of Finsler structure F. 

Definition 2.2.2. If F(v) = 0, then vector v is called isotropic vector. If F 2 (v) < 0, then vector v 
is called timelike vector. In this case, F(v) is imaginary positive number. If F 2 (v) > 0, then vector v is 
called spacelike vector. In this case, F(v) is real positive number. □ 



2,2 I considered the definition of Minkowski space according to the definition in [15], [16], p. 44. Although this term calls some 
association with special relativity, usually it is clear from the context which geometry is referred. 
2 ' 3 This requirement is due to the fact that we consider applications in general relativity. 



2.2. Finslcr Space 
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Definition 2.2.3. For any vector v G V, F(v) ^ 0, vector 

1 



\m\ 

is called unit vector □ 

Remark 2.2.4. According to the definition (2.2.2), metric tensor depends on vector v. Therefore, the 
scalar product defined by the equation 

v ■ w = gij(v)v l w J 

in general, is not commutative. □ 
Let e be the basis of Minkowski space. Since a vector v has expansion 

relative to the basis e, then we can present the mapping F as 

F(v\...,v n ) = F(v) 

Theorem 2.2.5. The Finsler structure of Minkowski space satisfies the differential equations 
(2.2.3) 

(2.2.4) ?4^=0 

da 1 da 3 

(2.2.5) I^l^aV =F 2 (a) 

Proof. The equation (2.2.3) follows from the statement (2.2.1.2) of the definition 2.2.1 and the theorem 
2. Accordin 
(2.2.4) follows. 



dFCx) 

2.1.2. According to the theorem 2.1.2, derivative — —— is homogeneous function of degree 0, whence equation 

ox 1 



Successively differentiating function F 2 , we get 2 4 



2F(x)- 



dx l dx l 
\ 8F\x) _ dF(x)dF(x) ^- ^Fjx) 
[ ' ■ ' 2dx 3 dx i dxi dx i [ ' dxidx* 

From equations (2.2.3), (2.2.4), (2.2.6) it follows that 

(2 ,. 7) l^ x > = ^0^ x , + ^ xl= 0F^ 

2 ox 3 ox 1 ox 1 ox 1 ax 3 ox 1 ox 3 

From the equation (2.2.7) it follows that 

The equation (2.2.5) follows from equations (2.2.3), (2.2.8). □ 

Theorem 2.2.6. 
(2.2.9) fltf (T7)wV = F 2 (u) 

Proof. The equation (2.2.9) follows from equations (2.2.2), (2.2.5). □ 

see also [15] 
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Theorem 2.2.7. Metric tensor Qij^Cb) is homogenious function of degree and satisfies the equation 

(2.2.10) %P«* = ° 

Proof. From the statement (2.2.1.2) of the definition 2.2.1, it follows that the mapping F 2 (v) is homo- 
geneous of degree 2. From the theorem 2.1.3, it follows that function 

dF 2 (x) 
dx l 

is homogeneous of degree 1. From the theorem 2.1.3 and the definition (2.2.2), it follows that the function 
g%j(x) is homogeneous of degree 0. The equation (2.2.10) follows from the theorem 2.1.2. □ 

Remark 2.2.8. As noted by Rund in [15], tensor 

r ^ _ d 9ij (a) _ 1 d 3 F 2 (a) 

^nkw- dak - 2dakdal£)aj 

is symmetric with respect to all indices. Its components are homogeneous function of degree —1 and satisfy to 
following equations 

C l]k {a)a k = C k ij(a)a k = C lkj (a)a k =0 
dC ki j(a) k dC lkj (a) k dC ijk {a) k 



da h da h da h 







□ 



Theorem 2.2.9. Let coordinates of tensor g be defined relative to basis e. Then 



(2.2.11) 



9gij{a) 



= 



da 1 

PROOF. The equation (2.2.11) follows from the equation (2.2.10), since e™ = 5f . □ 



Consider infinitesimal transformation 

a = a + da 

Then there is infinitesimal transformation of coordinates of metric tensor 

(2.2.12) ^.(a')= 5u (a) + ^|^da fc 

Definition 2.2.10. The manifold M is called Finsler space, if its tangent space is Minkowski space and 
the Finsler structure F(x,v) depends continuously on point of tangency x <E M . □ 

Remark 2.2.11. Due to the fact that the Finsler structure in the tangent space depends continuously on 
point of tangency, there is the ability to determine the differential of length of the curve on the manifold 

dl = \F(x,dx)\ 

We usually define Finsler space, and after this we consider tangent to it Minkowski space. In fact, the order of 
definitions is insignificant. In this paper, Minkowski space is main object of research. □ 



2.3. Orthogonality 
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2.3. Orthogonality 

As Rund noted in [15], there are various definitions of trigonometric functions in Minkowski space. We are 
primarily interested in the concept of orthogonality. 

Definition 2.3.1. Vector v 2 is orthogonal to vector vi, if 

g l3 (vi)vlv 3 2 = 

□ 

As we can see from the definition 2.3.1, relation of orthogonality is noncommutative. This statement has 
following consequence. Let n be dimension of Minkowski space V. The set of vectors v orthogonal to vector a 
satisfies the linear equation 

gij(a)a l v J = 

and, therefore, is vector space of dimension n — 1. The set of vectors v whom vector a is orthogonal to satisfies 
the equation 

gy(TJ)vV = 

This set, in general, is not vector space. 

Definition 2.3.2. The set of vectors ei, e p is called orthogonal if 

(2.3.1) fc 

5ij(efc)ejj.ef= k<l 

The basis e is called orthogonal, if its vectors form orthogonal set. □ 

Definition 2.3.3. The basis e is called orthonormal, if this is orthogonal basis and its vectors have unit 
length. □ 

Since relation of orthogonality is noncommutative, the order of vectors is important when determining an 
orthogonal basis. There exist different procedures of orthogonalization in Minkowski space, for instance, [18], 
p. 39. Below we consider the orthogonalization procedure proposed in [3], p. 213 - 214. 

Theorem 2.3.4. Let e±, e p be orthogonal set of not isotropic vectors. Then vectors e\, e p are 
linear independent. 

Proof. Consider equation 

(2.3.2) aie~i + ... + a p e p = 
From the equation (2.3.2), it follows that 

(2.3.3) aigij(e~i)e\e{ + ... + a p g ij {e 1 )e\e p = 
Since vector ei is not isotropic, then 

(2.3.4) 9ij@M4 ^ 

From the conditions (2.3.1), (2.3.4) and the equation (2.3.3), it follows that a\ = 0. 
Since we have proved that a 1 = ... = a m_1 = 0, then the equation (2.3.2) gets form 

(2.3.5) a m e m + ... + a p e p = 
From the equation (2.3.5), it follows that 

(2.3.6) a r!l gij{e rn )e Tn e'! ln + ... + a p gij( y e rn )e rn e p = 
Since vector e m is not isotropic, then 

(2.3.7) 0tf(em)<4<& 5^ 
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2. Minkowski Space 



From the conditions (2.3.1), (2.3.7) and the equation (2.3.6), it follows that a m = 0. □ 

Theorem 2.3.5. There exists orthonormal basis in Minkowski space with positively defined Finsler metric. 

Proof. Let n be dimension of Minkowski space. Let e' be a basis in Minkowski space. 
We set 

ei = e[ 

Suppose we have defined the set of vectors ei, e m . In addition we assume that for every i, 1 < i < m, 
the vector is linear combination of vectors e[, e' m . This assumption also holds for the vector e m +i, if 
we represent this vector as 

e m +i = ffliSi + ... + a m e m + e' m+1 
Cm+i 7^ 0, because e' is basis and vector e' m+1 is not included in the expansion of vectors e±, e m . For the 
choice of the vector e m +i we require that the vector e m +i is orthogonal to the vectors ei, e m . 

9ij(ei)e\^ m+1 = 

(2.3.8) 

9%j {s-m)e l m e J m+ i= 
The system of linear equations (2.3.8) has form 

ai9t]{ei)e\e[ = -g l3 ^i)e\e' J m+1 

aigij(e 2 )e l 2 e[ + a 2 g ij (e 2 )e 2 e 3 2 = -gij(e 2 )e 2 e ,: > m+1 

a l9ij ( e m) e m e l a 2gij ( e m) e m e 2 — a «i5ij ( e m) e m e m~ — 9ij ( e m) e m e m+1 

Therefore, the solution of the system of linear equations (2.3.8) has form 

9ij(ei)e\e' J m+1 



ai 



a 2 



gij{e 2 )e 2 e n m+1 + a igij (e 2 )e 2 e{ 



9ij( e m) e m e m+1 ~j~ Sfe=l a fc5ij ( e m) e m e fe 
a m — ~ ~~ j 

S'ij(em)e ?n e rra 

By continuing this process, we obtain an orthogonal basis e. We can normalize vectors of the basis e 
according to rule 

Ek = g t j(e k )e l k el 
k = 1, n 

□ 

Consider Minkowski space V of dimension n. Let Finsler metric F 2 of Minkowski space V is not positively 
defined. The set of spacelike vectors is not vector space, however this set contains a maximal set of linear 
independent vectors 

e+ = (e+.i, ...,e+. p ) 



2.3. Orthogonality 
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such that any linear combination of these vectors is spacelike vector. The set e' + is basis of vector space V+. 
The set of timclikc vectors is not vector space, however this set contains a maximal set of linear independent 
vectors 

f_ = (e_.i, ...,e_.g) 

such that any linear combination of these vectors is timelike vector. The set e'_ is basis of vector space V-. 
The choice of sets el, , e'_, as well the choice of vector spaces V+, V '_ is not unique. 

Theorem 2.3.6. There exists orthonormal basis e+ in Minkowski space with Finsler structure F. The 
set of vectors which are orthogonal to vectors of the basis e + is vector space of dimension n — p. 

Proof. The existence of an orthonormal basis e + in Minkowski space V+ follows from the theorem 2.3.5. 
Vector v which is orthogonal to vectors of the basis e+ satisfies the system of linear equations 

gij(e+.i)e % + . 1 v 3 = 
gi j {e + . v )e\. p v 1 = 

Therefore, the set of vectors v generates vector space. □ 

Theorem 2.3.7. There exists orthonormal basis e in Minkowski space V with not positively defined Finsler 
metric F 2 if one of the following conditions is met 
2.3.7.1: Finsler metric F 2 of Minkowski space V has form 

F 2 {v)=F 2 + {v\,...y + )-F 2 _{v 1 _,...,v1) 
where F 2 , F 2 are positively defined Finsler metrics. The set of variables v\, tfi, v_, v q _ 
divides the set of coordinates v , v n of vector v into two disjoint sets. 

2.3.7.2: There exists vector space V + such that vector space does not contain isotropic vectors 2 5 

2.3.7.3: There exist vector spaces V+, V- such that following equation is true 

Proof. Since the condition 2.3.7.1 is satisfied, then it is natural to assume that p + q = n; otherwise, 
there exists an isotropic plane. 2 ' 6 Since we assume 

v x _ = ... = vi = 

we see that vector space V + has dimension p. Since we assume 

vi = ... =vl=0 



2 '^Although the mapping F is not linear one, we can formally define the set kerF as the set of isotropic vectors. Then we can 
write condition 2.3.7.2 as following condition. There exists vector space V+ such that 

V i D ker F = 



2.6 



For instance, if variable u 1 does not belong to the set v\_ , . . . , v p + , v\, v q _ then any vector v 







is isotropic vector. 



This contradicts the requirement 2.2.1.3 of nonsingularity of Finsler metric. 

However, the singularity of the Finsler metric is not necessarily the existence of an isotropic plane. In pseudo-Euclidean space 
with the metric 

F\v) = (v 1 ) 2 - (v 2 f + (v 3 ) 2 - (v*f 
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2. Minkowski Space 



we see that vector space V _ has dimension q. According to the theorem 2.3.6, there exists orthonormal basis e + 
in Minkowski space V + with Finsler structure F and dimension of vector space equal n — p= q. Therefore, 
the condition 2.3.7.1 is a particular case of the condition 2.3.7.3. 

Spacelike vector cannot be vector of vector space V + . Otherwise the set e + is not maximal set of linear 
independent spacelike vectors. If condition 2.3.7.2 is true, then vector space V+ contains only timelike vectors. 
Therefore, the condition 2.3.7.2 is equivalent to condition 2.3.7.3. 

Consider the condition 2.3.7.3. Let e+ be orthonormal basis of Minkowski space V+ . Let e_ be orthonormal 
basis of Minkowski space V_. According to the condition 2.3.7.3, every vector of the basis e_ is orthogonal to 
all vectors of the basis e+. According to the definition 2.3.2, the basis 

e = (e+.i, ...,e + . p ,e_.i, ...,e_. g ) 

is orthogonal basis. Since every vector of the basis e is unit vector, then according to the definition 2.3.3, the 
basis e is orthonormal basis. □ 

Theorem 2.3.8. Let e be orthonormal basis of Minkowski space. If we write the coordinates of the metric 
tensor gij(ek) relative to basis e as matrix 

( " 



(2.3.9) 



5n(ei) 



91 



\9ni(e n ) ■■■ 9nn{e n )) 
then the matrix (2.3.9) is a triangular matrix whose diagonal elements are either 1 or — 1. 



vectors 







(°) 


1 









Z2 = 









1 


w 




v) 



are isotropic vectors. Vector 

also is isotropic vector. However vectors 



a 1 z\ + a 2 Z2 



e+.i 



generate vector space and vectors 



e--i 



(A 




(o\ 












e+. 2 = 









1 


w 




w 


(o) 




(°) 


1 









e--2 = 












w 




w 



generate vector space V- 
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PROOF. If we consider coordinates of basis e relative to the basis e, then e* = Sj. According to the 
definition 2.3.2, 2.3.3, 

9ij(Sk)S\5 3 k = —1 efc is timelike vector 
(2.3.10) 9ij(fik)&k&k = 1 efc is spacelike vector 

9ij(e k )Si6i= /■•■ / 
From equations (2.3.10), it follows that 2 7 

Sfcfc(efc) = —1 efc is timelike vector 

9kk(ek) = 1 efc is spacelike vector 

fife (efc) = k < I 

Therefore, gkiifik) is arbitrary, when k > I. □ 

If wc relax requirements in the theorem 2.3.5 and assume arbitrary Finsler metric, then we will meet major 
challenge. The set of vectors e m +i satisfying the system of linear equations (2.3.8) generates vector space 
V n - m of dimension n — m. If relationship of orthogonality is symmetric, then the system of linear equations 
(2.3.8) is equivalent to the system of linear equations 

g l0 {e m+ i)e l m+l e{= 

(2.3.11) 

ffij(e m +i)eJ n+1 eJ l = 

From the requirement 2.2.1.3 of nonsingularity of Finsler metric and equations (2.3.11) it follows that there 
exists vector 

(2-3.12) veVn^n F(v) ? 

The statement (2.3.12) guarantees the next step of procedure of orthogonalization. For arbitrary Finsler metric, 
we cannot guarantee that the procedure of orthogonalization can be finished for initial choice of basis e', as 
the next vector may turn out isotropic. 

Task of finding of an orthogonal basis and reducing a quadratic form to the sum of the squares are closely 
related in the geometry of Euclidean space. In Minkowski space, the theorem 2.3.8 makes it impossible for the 
applicability of the algorithm of reducing a quadratic form to canonical form. 

2.4. Motion of Minkowski Space 

The structure of Minkowski space is close to the structure of Euclidean space. Automorphism of Euclidean 
space is called motion. Motion of Euclidean space is linear transformation which maps orthonormal basis into 
orthonormal basis. 

Automorphism of Minkowski space also is called motion. Motion of Minkowski space is linear transforma- 
tion. If ei, e.2 are orthonormal bases, then there exists unique linear transformation which maps the basis ei 
into basis e.2- However from the theorem 3.4.8, it follows that basis manifold of Minkowski space is not closed 



2 ' 7 It is evident that the equation (2.3.10) says nothing about value of gij{e^) when i ^ k, j ^ k, since the coefficient of gjj(efe) 
in the considered sum is equal to 0. Since g is symmetric tensor, then 

9kl(ek) = 9lk(ek) k<l 
Moreover, if k < I, then gki^k) = 0. However, the value of gik(ei) is not defined. 
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relative to linear transformation. So we need to relax requirements to the definition of motion of Minkowski 
space. 

Definition 2.4.1. Linear transformation of Minkowski space mapping at least one orthonormal basis into 
orthonormal basis is called motion. □ 

Let motion A of Minkowski space maps the basis ej into the basis e.2- Let be matrix of coordinates of 
the basis e$ . Then following equation is true 

e2 = Aei 

Theorem 2.4.2. Let motion A of Minkowski space maps orthonormal basis e\ into orthonormal basis e%. 
Let motion B of Minkowski space maps orthonormal basis e=2 into orthonormal basis S3 . Then the product of 
motions AB is also motion. 

Proof. Since the product of linear transformations is linear transformation, then the theorem follows 
from the definition 2.4.1 and the statement that linear transformation AB maps orthonormal basis Si into 
orthonormal basis S3. □ 

Theorem 2.4.3. Let linear transformation A is motion. Then linear transformation A~ x is motion. 

Proof. Let motion A of Minkowski space maps orthonormal basis Si into orthonormal basis e.2- Since 
linear transformation A~ x maps orthonormal basis e.2 into orthonormal basis Si, then the theorem follows from 
the definition 2.4.1. □ 

According to the definition 2.4.1, the set of motions SO(V) of Minkowski space V is subset of the group 
of linear transformations GL. From theorems 2.4.2, reftheorem: inverse motion it follows that the associative 
product which has unit and inverse element is defined on the set of motions SO(V). 

Let motion A of Minkowski space maps orthonormal basis e± into orthonormal basis S2 . Let motion B of 
Minkowski space maps orthonormal basis §2 into basis S3. If the basis S3 is not orthonormal, then we do not 
know whether or not the product AB is motion. Therefore, product of motions is not always defined and the 
set of motions SO(V) of Minkowski space V is not complete group. 

Theorem 2.4.4. Let coordinates of tensor g be defined relative to orthonormal basis S. Let motion of 
Minkowski space V 

(2.4.1) v H = Ay 

map the basis e into orthonormal basis e! . Then 2 8 

(2-4.2) 9ij (e' k )AiAi = g kl (e k ) k<l 

Proof. According to definitions 2.3.2, 2.3.3, vectors of the basis S satisfy to equation 

9i7"(efe)elef =0 k < I 
(2.4.3) _ k \ 

9ij{ek)eie 3 k = 1 

and vectors of the basis e' satisfy to equation 

(244) 9.^)4^0 k<l 

QiMWWi = 1 

From equations (2.4.1), (2.4.3), (2.4.4), it follows that 

(2-4.5) g l3 (e k )ei4 = 9ij (e' k )e%e'j = 9ij (e'J^e^ k < I 



2 '^Since the motion does not change the basis, then mappings gij also do not change. 
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Since A = <$*■, then equation (2.4.2) follows from equation (2.4.5). 



□ 



Corollary 2.4.5. Let coordinates of tensor g be defined relative to orthonormal basis e. Let motion of 
Minkowski space V 

v H = A)v j 

map the basis e into orthonormal basis e! . Then 

^•(4)44 = k<i 

a 



(2.4.6) 



□ 



The theorem 2.4.4 follows also follows from the statement that coordinates of motion A relative to basis e 
coincide with coordinates of basis e' 

e ) = A ) 

COROLLARY 2.4.6. Let ~e~\, ~e~2 be orthonormal bases. Let e 21 .f be coordinates of the basise-2 relative to 
the basis e\ . Then 

9i^j(e' 2 . k )e 2l : k e 21 \ = gi. k i(ei-k) k < I 
where gi-ij(v) are coordinates of metric tensor relative to the basis H\ 
Theorem 2.4.7. Let infinitesimal motion 

a 11 = a j {5) + A)dt) 
map orthonormal basis e to orthonormal basis e' 

(2.4.7) 4 = ^{5]+A)dt) 
Then (k<l) 

(2.4.8) g kp {e k )A p + g P i(e k )A p k = 
PROOF. For k < I, from equations (2.4.7), (2.2.12), it follows that 

dgij(a) 



(2.4.9) 



eTA r m dt (el + efA^dt)^ + e p Mdt) 



dgij (a) 



= 9ij{e k )ele : > l + g tJ (e k )e l k e p Afdt + g l3 {e k )e l m Al!dte\ + ^ 
From equations (2.4.3), (2.4.4), (2.4.9), it follows that (k < I) 



e^A^dte\e\ 



(2.4.10) 



= g l3 {e k )e\e%A\dt + g^e^dte] + 



e fc A m ale k e l 



Since e\ = S k , then from equation (2.4.10), it follows that (k < I) 

dg k i(a) 



(2.4.11) 



g kp (e k )A p + g pl (e k )A p k 



da r 



A r k dt = 



The equation (2.4.8) follows from equations (2.2.11), (2.4.11). 



□ 



Theorem 2.4.8. The product of infinitesimal motions of Mincovsky space is infinitesimal motion of Min- 
covsky space. 
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Proof. Let 

f(ay = a k (6i+Aidt) 
g(ay = a k (6i + Bidt) 
be infinitesimal motions of Mincovsky space. Transformation fg has form 

f(g(a)Y = (g(a)) l (Si + Aidt) 

= a p (S l p + B l p dt)(S l l +A}dt) 
^a p {5 l p + A i p dt + B p dt) 
= a p (6' p + (A p + B p )dt) 
From the theorem 2.4.7, it follows that coordinates of mappings / and g satisfy equation 

(2.4.12) g kp (e k )A* + 9pl (e k )Al = ^ 

g kp (e k )Bf + g p i{e k )B p k = 

From the equation (2.4.12), it follows that (k < I) 

g kp (e k )(A p + B p )+g pl (e k )(A p +B p ) 
=g kp (e k )A p + g p i(e k )A p k + g kp (e k )Bf + g p i(fi k )B p k 
=0 

Therefore, the mapping fg is infinitesimal motion of Mincovsky space. □ 
Theorem 2.4.9. Let 

a H = a? \5) + A)dt) 
be infinitesimal motion. For any r £ R, the transformation 

a H =a : >{8)+rA)dt) 

is infinitesimal motion. 

Proof. From the equation (2.4.8), it follows that (k < I) 

(2.4.13) g kp (e k )(rA p ) + g pl (e k )(rA p ) = 

The theorem follows from the equation (2.4.13) and the theorem 2.4.7. □ 
Theorem 2.4.10. The set of infinitesimal motions is vector space over real field. 

Proof. According to the theorem 2.4.8, the set of infinitesimal motions generates Abelian group g. Ac- 
cording to the theorem 2.4.9, there is representation of real field in group g. Therefore, the group g is vector 
space. □ 

Since the orthogonality relation is not symmetric, then the structure of metric tensor in an orthonormal 
basis changes. In particular, since scalar product 

3y(efcK e i k > 1 

is not defined, then we cannot require that automorphism of Minkowski space preserves scalar product. 



2.5. Quasimotion of Minkowski Space 
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Theorem 2.4.11. Infinitesimal motion of Mincovsky space 

(2.4.14) a H = a j {5) ; + A)dt) 

does not preserve the scalar product. For given vectors a, b, we can evaluate how much scalar product is not 
preserved by the expression 

(2.4.15) 9ij (a')a'W - 9ij (a)aV = (g pj (a)A? + g ip {a)A p + ^^Afa'^j tfVdt 

Proof. Let infinitesimal motion of Mincovsky space map vectors 75, b into vectors a', b' 

a H = a? '(<£ + A\dt) 

(2.4.16) 3 1 

b H = V (Sj + Aidt) 

Scalar product of vectors a? , b' has form 

//,,: 77' :«"//' ^g ij ((a k + A\ a l dt)e k )(a l + A p aPdt){b> + A{Wdt) 

= (9ij(a) + ^0^Ala l dt){a l + A p a?dt)(V + A\Wd£) 
g,,:u)uW + gij {a)A p a p Vdt + giJ (a)a l A p b p dt + A^^dta'V 
H.^TDuh- + (g pj (a)A? + g tp (a)A P + ^01 A fa l j tfVdt 
The equation (2.4.15) follows from the equation (2.4.17). □ 

2.5. Quasimotion of Minkowski Space 

Even the structure of the set SO{V) of motions of Minkowski space V is not completely defined group, the 
set SO(V) is subset of group GL and acts single transitive on the basis manifold of Minkowski space V. Hence 
in the set of passive transformations of vector space V, we can distinguish the transformations that preserve 
the structure of Minkowski space V. 

Definition 2.5.1. Passive transformation of Minkowski space 

z% = M^j 

mapping at least one orthonormal basis into orthonormal basis is called quasimotion of Minkowski space. 

□ 

Let quasimotion A of Minkowski space maps the basis e\ into the basis 7=2 . Let a be matrix of coordinates 
of the basis e^. Then following equation is true 

e 2 = e\A 

Coordinates of vector 

a = a l ei 

transform according to the rule 

(2.5.1) a' 1 = A- 1 ^ 
From equations (2.2.9), (2.5.1) it follows that 

(2.5.2) fftf(3)aV = g' kl (a)a' k a n = g' kl (a)A~ 1 ' k a i A~ 1 ' l j a : > 
From the equation (2.5.2), it follows that 

(2.5.3) g' kl (a) = 9ij (a)AiA{ 
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Therefore, gij{a) is tensor. 

Remark 2.5.2. Until now we have considered the metric of Minkowski space V as set of functions gijiv) 
of vector v € V. Since the basis e is given, then we have unique expansion of vector v relative to the basis e 

v = v l e,i 

Therefore, we can consider the mapping gij(v) as function gijiy , v n ) of variables v , v n 

(2.5.4) g. lJ (v\...,v n ) = g. lJ (v) 

□ 

Theorem 2.5.3. Let coordinates of tensor g be defined relative to orthonormal basis e. Let quasimotion of 
Minkowski space V 

(2.5.5) e[ = A>e 3 
map the basis e into orthonormal basis e! . Then 

(2-5.6) 9ij(e' k ) A k A i =9ki(e k ) k<l 

Proof. According to definitions 2.3.2, 2.3.3, vectors of the basis e satisfy to equation 

5y(e fc )e' fc ef =0 k < I 



5y(efc)4 e fc = 1 



(2.5.7) 

and vectors of the basis e' satisfy to equation 

(25g) J,K)e>'!=0 k<l 

9iMyu'i = 1 

From equations (2.5.5), (2.5.7), (2.5.8), it follows that 

(2.5.9) 9ij (e k )elej = 9ij $ k )e%e!\ = m (^)^e^lf ^ k < I 

Since = (Sj, then equation (2.5.6) follows from equation (2.5.9). □ 

From theorems 2.4.4, 2.5.3, it follows that the set of quasimotions of Minkowski space and the set of 
motions of Minkowski space coincide. 

Remark 2.5.4. The set of quasimotions generates passive representations of not complete group SO(V). 

Let ei, e-2 be orthonormal bases of Minkowski space V . According to the theorem 2.5.3, there exists 
quasimotion mapping the basis e\ into basis e.2- Since not complete group SO(V) is subgroup of GL, this 
quasimotion is uniquely determined. Therefore, the representation of not complete group SO(V) on basis 
manifold of Minkowski space V is single transitive. 

Therefore, the definition of a geometric object (the section [7]-5.3) remains valid in Minkowski space as 
well. □ 

Theorem 2.5.5. Let A be quasimotion mapping the basis e into the basis e! 
(2-5.10) e' k = A l k e, 

Quasimotion A maps the mapping g%j{v\ ■■■,v n ) into mapping g[j{v , ...,v' n ) according to rule 
(2.5.11) g' kl (v'\ ...,v' n ) =g ij (v' k A 1 k> ...,v' k At)AiAj 
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Proof. From equations (2.5.3), (2.5.4), it follows that 

(2.5.12) ff^w' 1 , .., = ^(U) = Sii (f)4if = g^,, 1 , ..,^44] 
Since quasimotion A does not change the vector v, then 

(2.5.13) v = v k e k = v'% = v' k A l k e t 
From the equation (2.5.13) it follows that 

(2.5.14) v* = v' k A\ 

The equation (2.5.11) follows from equations (2.5.12), (2.5.14). □ 
Theorem 2.5.6. Let infinitesimal quasimotion 

e'^e^i+Aidt) 
map orthonormal basis e to orthonormal basis e! 

(2.5.15) et = e\{5{ + A{dt) 

Let coordinates of tensor g be defined relative to orthonormal basis e. Let coordinates of tensor g' be defined 
relative to orthonormal basis e! . Then (k < I) 

(2.5.16) g kp (e k )Af + gi p (e k )Al = 

Proof. According to (2.5.3), (2.2.12), it follows that there is infinitesimal transformation of metric ten- 
sor 29 



9' kl {e' P ) = 9a{%)W + KAjdt + A\Sidt) 

_ ( s. dg t3 (a) 
(2.5.17) - [9^ e p)+-^r 



9ki{e P ) + gkj(e P )A : ' l dt + gu(e p )A k dt 



5 r m A™dtj (SlSj+SlAjdt + AlSjdt) 
dg k i(a) 



1 ' ■ d(J r, 

For p = k, from the equation (2.5.17), it follows that 
(2.5.18) g' kl (e' k ) = g kl (e k ) + g kj (e k )Ajdt + g a {e k )Aldt + 



A™dt 

a=e v 



A™dt 



For k < I, according to the theorem 2.3.8, 

(2-5.19) 9ki(e k ) = g' kl (e' k ) 

The equation (2.5.16) follows from equations (2.2.11), (2.5.18), (2.5.19). □ 

From theorems 2.4.7, 2.5.6, it follows that the set of infinitesimal quasimotions of Minkowski space and 
the set of infinitesimal motions of Minkowski space coincide. 



2,9 We use equation e*™ = 5™. 



CHAPTER 3 



Examples of Minkowski Space 



3.1. Example of Minkowski Space of Dimension 2 

We consider example of the Finslerian metric of Minkowski space of dimension 2 (considered metric is a 
special case of metric [12]-(3)) 

(V)V 



(3.1.1) 

,,1\2 , /„,2\2 



((,1)2 + (,2)2)2 



(v 1 ) 3 ?; 2 



(,,1)2 + (,2)2 

Theorem 3.1.1. The Finslerian metric defined by equation (3.1.1) generates metric of Minkowski space 

3«V) 5 -(« 1 ) 3 (« 2 ) 3 



(3.1.2) gn(v) = l + 

(3.1.3) ffl2 (u) 



((„1)2 + („2)2)8 

l^f + e^ 1 ) 4 ^ 2 ) 2 ^^ 1 ) 2 ^ 2 ) 4 



2 ((v 1 ) 2 + (t> 2 ) 2 ) 3 

,n „N , N (« 1 ) 3 (« 2 ) 3 -3(« 1 )V 

(3- 1 - 4 ) M«) = 1 + ( ( ,i)2 + (,2)2/3 

Proof. From the equation (3.1.1) it follows that 

dF 2 (v) 1 Sjv^v 2 ^ 1 ) 2 + (v 2 ) 2 ) - (u 1 ) 3 ^ 1 

dv 1 V + ((v 1 ) 2 + (,2)2)2 

x 3( V 1 )V+3(w 1 ) 2 ( t ; 2 ) 3 -2( u 1 )V 



(3.1.5) =2w 

= 2w 



((,1)2 + (,2)2)2 
x , (p^V + 3(« 1 ) a (t; a ) a 

((i;!) 2 + (w 2 ) 2 ) 2 



0F 2 (TJ) _ 2 (« 1 ) 3 ((« 1 ) 2 + (i; 2 ) 2 )- (t> 1 ) 3 t; 2 2« 2 
~chP~~ V + ((v 1 ) 2 + (v 2 ) 2 ) 2 

(3.1.6) 



2w 



2 , (^1)5_(,1)3(,2)2 
((V 1 ) 2 + (v 2 ) 2 ) 2 



2.i 
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From equations (2.2.2), (3.1.5), (3.1.6), it follows that 



(3.1.7) 



, 1 (4( U 1 ) 3 v 2 + 6u 1 (w 2 ) 3 )((w 1 ) 2 + (v 2 ) 2 ) 2 
9nW = 1 + 2 

1 ((^) 4 i> 2 + 3(t; 1 ) 2 (^ 2 ) 3 )2((f !) 2 + (v 2 ) 2 )2v 1 

2 ((v 1 ) 2 + ( U 2 ) 2 ) 4 

2(^)-V + 3(^) 3 (?; 2 ) 3 + 2(f 1 ) 3 (i> 2 ) 3 + Zv 1 ^ 2 ) 5 _ 2{v 1 fv 2 + S^ 1 ) 3 ^ 2 ) 3 

- 1+ ((«1)2 + ( W 2)2)3 ((^1)2 + („2)2)3 

_ 1 (5(^) 4 - 3(i. 1 ) 2 ( t ; 2 ) 2 )((i; 1 ) 2 + (i; 2 ) 2 ) 2 

9l2(V) - („2\2\4 



l ((v^-(v^(v 2 ) 2 )2((v^ 2 + (v 2 ) 2 )2v^ 
1 ' ' ' 2 ((v 1 ) 2 + (w 2 ) 2 ) 4 

_ 1 5(^) 6 - 3(^)> 2 ) 2 + 5{v^i^f - S^ 1 ) 2 ^ 2 ) 4 1 4(« 4 ) 6 - 4(^)> 2 ) 2 
~2 ((w 1 ) 2 + (t. 2 ) 2 ) 3 ~2 ((w 1 ) 2 + (u 2 ) 2 ) 3 

, l -2(^) 3 ^((^) 2 + (^) 2 ) 2 
522 {V > - 1 + 2 ((^) 2 + (« 2 ) 2 ) 4 

1 ((, 1 ) 5 -(, 1 ) 3 (, 2 ) 2 )2((, 1 ) 2 + (, 2 )W 
1 ' ' ; 2 ((^) 2 + (« 2 ) 2 ) 4 

(i; 1 ) V + (t. 1 ) 3 ^ 2 ) 3 2{v 1 fv 2 - 2(^) 3 (^ 2 ) 3 

- 1 (( W l)2 + („2)2)3 ((„1)2 + („2)2)3 

The equation (3.1.2) follows from the equation (3.1.7). The equation (3.1.3) follows from the equation (3.1. 
The equation (3.1.4) follows from the equation (3.1.9). 

We will start the procedure of orthogonalization 31 from the basis 

ei = I ei - 



0/ VI 



Let 



e[ = e\ e' 2 



be orthogonal basis. Since vector e' 2 is orthogonal to vector e[, then according to the definition 2.3.1 

gij@i)e'\e% = 

(3.1.10) fly(ei)e /J 2 = 

According to equations (3.1.2), (3.1.3), 

(3-1.11) 5ii(ei) = l 3i 2 (ei) = ^ ffaafei) = 1 

From equations (3.1.10), (3.1.11), it follows that 

(3.1.12) e'2 + ^e' 2 =0 



3.1 



See section [8]-3. 



3.1. Example of Minkowski Space of Dimension 2 

From the equation (3.1.12), it follows that we can assume 

-1 
2 

According to equations (3.1.2), (3.1.3), (3.1.4), (3.1.13), 



(3.1.13) 



— / 

e 2 



f a fr'W I 3(-l)(2) 5 - (-1) 3 (2) 

5ll(62) - 1+ ((-1)2 + (2)2)3 



(3.1.14) 



= 1 + 



-96 



37 



5i2(e 2 ) 



(1+4) 3 125 

l(-l) 6 + 6(-l) 4 (2) 2 -3(-l) 2 (2) 4 
2 ((-1)2 + (2)2)3 

1 1 + 24 - 48 _ 23 

2 (1 + 4) 3 ~~ ~250 



(-l) 3 (2) 3 -3(-l) 5 2 

^2) - 1 + (( _ 1)2 + (2)2)3 



-8 + 6 123 



(1 + 4) 3 125 



From equations (3.1.13), (3.1.14), it follows that 

9ij{e' 2 )e'\e'{ = gn(e' 2 )t 



= ^(-l) + (-^)2 = -^ 
125^ ; v 250 ; 125 

12 

~~ ~25 



Therefore, the vector e[ is not orthogonal to vector e' 2 ■ 
Since 

F 2 (e[) = 1 

then the length of the vector 



— // — / 

e, = e. 



1 
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equal 1. Since 



F 2 (^) = (-l) 2 + (2) 2 + 



then the length of the vector 



(-1) 3 2 
(-1)2 + (2)^ 



1 + 4 



— // 

e 2 



5_, 

23 62 




23 



v 2 vly 



2 23 
1 + 4 ~ ~5~ 
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equal 1. Therefore, the basis e" is orthonormal basis. There is passive transformation between bases e" and e 

V 23 



(3.1.15) 



(e'/ 4) = {ei e 2 ) 



° 2W 23/ 



Theorem 3.1.2. Coordinates of metric tensor relative to the basis e" have form 



(3.1.16) 



(3.1.17) 



( e i) 



g'XA) 




25 V 23 



/ 



PROOF. From equations (2.5.3), (3.1.11), (3.1.15), it follows that 
^i(e'/) = 9n(5i') = l 



9Ue'{) = 9iM)A\+ g 12 {e'{)Al 



23 2 V 23 

gUz'l) = 9xi{e'()A\A\ + 2g 12 {e'{)A\Al + g 22 {e'[)A\A\ 



(3.1.18) 



The equation (3.1.17) follows from (3.1.18). From equations (2.5.3), (3.1.14), (3.1.15), it follows that 

37 




(3.1.19) 



125 

g'^) = gn(^)A 1 2 +g 12 (eii)Al 



37/5 
125 V 23 



23 
250 



1- = -- I 
23 25 V 23 



g 22 (e 2 ) = gn{e 2 )A\A\ + 2g 12 (e 2 >)A 1 2 A 2 2 + g 22 {e'{)A\A\ 



125 ' 125 J 23 
The equation (3.1.2) follows from (3.1.19). 




25 V 23 2 
37 46 



492 5 
125 23 



575 5 



125 23 



□ 



COROLLARY 3.1.3. Relative to the basis (3.1.15), the matrix (2.3.9) corresponding to the Finslerian metric 
defined by equation (3.1.1) has form 



1 







(3.1.20) 



25 V 23 



3.2. Structure of Metric of Minkowski Space 
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□ 



3.2. Structure of Metric of Minkowski Space 

The theorem 2.3.8 defines value of gki(ek) when k > I. However the theorem 2.3.8 tells nothing about value 
<7fei(efe) when k < I. The impression that this value is arbitrary creates a problem. For instance, if metric does 
not depend on direction, then Minkowski space becomes Euclid space and matrix (2.3.9) becomes diagonal 
matrix; thus it is not clear how consequence of arbitrary values converges to 0. 

From the equation (3.1.20), it follows that the value gu^fik), k < I, is unknown, but it is not arbitrary. In 
the section 3.1, we have made calculations for the Finslerian metric defined by the equation (3.1.1). Our goal 
is to reproduce these calculations for arbitrary norm F of Minkowski space of dimension 2. 

Let F(v) be the Finsler structure of Minkowski space of dimension 2. Let giy) be metric defined by the 
equation (2.2.2). 

We will start the procedure of orthogonalization 3 2 from the basis 



ei 



e2 = 



Let 



e[ = e\ e' 2 




be orthogonal basis. Since vector e' 2 is orthogonal to vector e[, then according to the definition 2.3.1 

(3.2.1) gi0i)e' J 2 = gn&yl + ffi2(Bi)e'l = 

From the equation (3.2.1), it follows that we can assume 

-012 (ei) 
x 5ii (ei) 

From the equation (3.2.2), it follows that 

g l3 {e 2 )e' l 2 e'{ = gu(e' 2 )e' 2 = -gu {e' 2 )g 12 (ei) + ff2i(e / 2 )s , ii(ei) 

ffn(ei) 511(62) 
012 (ei) ffi 2 (e 2 ) 



(3.2.2) 



— / 

e 2 



Let 



Then the orthonormal basis e 2 has form 



F(v\v 2 ) = F(v) 



(3.2.3) 



(ei' e' 2 ) = (e 1 e 2 ) 



5i2(L0) 



(_± 

F(1,0) F(- ffl2 (l,0), ff n(l,0)) 



V 







011(1,0) 



F(-g 12 (l,0), 5ll (l,0)) / 



3.2 



Sec section [8]-3. 
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3. Examples of Minkowski Space 



3.3. Example 1 of Minkowski Space of Dimension 3 

We consider example of the Finslerian metric of Minkowski space of dimension 3 (considered metric is a 
special case of metric [12]-(3)) 

F 2 (v) = ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) ( 1 + „ ... {vl / ? ^ V \ 

W VV J V I V Jjy (^1)2 + ^2)2 + ^3)2)2 
/ 1\2 / 2-^2 / 3^2 (v 1 ) 2 V 2 V 3 

Theorem 3.3.1. The Finslerian metric defined by equation (3.3.1) generates metric of Minkowski space 
-3(y)> 2 )V - 3(v r ) 2 v 2 (v 3 ) 3 + (v 2 ) 5 v 3 + 2(v 2 ) 3 {v 3 ) 3 + v 2 (v 3 ) 5 



(3.3.2) g n (v)=l + 

(3.3.3) g 12 (v) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
3(v 1 ) i (v 2 ) 2 v i - v 1 ^, 2 )^ 3 + (u 1 ) 3 ^ 3 ) 3 + t; 1 ^ 3 ) 5 



(3.3.4) g 13 (v) 



(3.3.5) g 22 {v) = 1 

(3.3.6) g 23 (v) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
(v 1 ) 3 ^ 2 ) 3 + v 1 ^ 2 ) 5 + S^ 1 ) 3 ^ 3 ) 2 - v 1 v 2 {v 3 ) i 
{(v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 
-3^) 4 d 2 » 3 + (t- 1 ) 2 ^ 2 ) 3 !; 3 - 3(y)V(?; 3 ) 3 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1 (v 1 ) 6 - (v 1 ) 2 ^ 3 ) 4 - (t; 1 ) 2 ^ 2 ) 4 + Gjv 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 

2 {(v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

(^1)2^3)3 _ 3(u l)V w 3 _ 3(w l)2 (u 2)3 w 3 



(3.3.7) g 33 (v) 1 , ((yl)2 + (y2)2 + (u 3 )2)3 

Proof. From the equation (3.3.1) it follows that 



(3.3.8) 



dF 2 (v) _ ! 2v 1 v 2 v 3 ((v 1 ) 2 + (?; 2 ) 2 + (?; 3 ) 2 ) - {v 1 ) 2 v 2 v 3 2v 1 
dv 1 V + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

1 2v 1 {v 2 ) 3 v 3 + 2v 1 v 2 (v 3 ) 3 



2v L 



({v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 



2 



(3.3.9) 



dF 2 (v) _ 2 (v^v 3 ^ 1 ) 2 + (?; 2 ) 2 + (z; 3 ) 2 ) - (v 1 ) 2 v 2 v 3 2v 2 
dv 2 ~ 2V + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

2 (V 1 )^ 3 - (W 1 ) 2 ^ 2 ) 2 ^ 3 + (V 1 ) 2 ^ 3 ) 3 



= 2v" 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 



(3.3.10) 



OF 2 (v) _ 3 (v^v 2 ^ 1 ) 2 + (v 2 ) 2 + (i; 3 ) 2 ) - (v 1 ) 2 v 2 v 3 2v 3 
dv 3 V + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

3 (v 1 )^ 2 + (v 1 ) 2 ^ 2 ) 3 - (v 1 )^ 2 ^ 3 ) 2 



2v J 



((v 1 ) 2 + {v 2 ) 2 + (v 3 ) 2 y 
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(3.3.11) 



(3.3.12) 



From equations (2.2.2), (3.3.8), (3.3.9), (3.3.10), it follows that 

1 (2(v 2 ) 3 v 3 + 2i; 2 (i; 3 ) 3 )((^ 1 ) 2 + (v 2 ) 2 + jv 3 ) 2 ) 2 

9ll(v) - 1 + - (( W l)2 + (t,2)2 + („3)2)4 

1 (2v 1 (v 2 ) 3 v 3 + 2v 1 v 2 (v 3 ) 3 )2((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ^ 1 
~2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

((v 2 ) 3 v 3 + v 2 (v 3 ) 3 )((v r ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 

~ 1+ (( W 1)2 + ( W 2)2 + ( W 3)2)3 

(u 1 ^ 2 ) 3 *; 3 + t; 1 u 2 (ti 3 ) 3 )4D 1 
{(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

(v 1 ) 2 ^ 2 )^ 3 + (v 1 )^ 2 ^ 3 ) 3 + {v 2 fv 3 + {v 2 ) 3 {v 3 ) 3 
~ 1+ ((i- 1 ) 2 + (v 2 ) 2 + (w 3 ) 2 ) 3 

(^2)3^3)3 + ^3)3(^3)2 4(^1)2(^2)3^3 + 4(^1)2^3)3 
+ ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

912 {v) 

_ 1 (4(^)V - 2v 1 (v 2 ) 2 v 3 + 2t> 1 (t> 3 ) 3 )((« 1 ) 2 + (v 2 ) 2 + (i; 3 ) 2 ) 2 
- 2 ((V) 2 + (v 2 ) 2 + (u 3 ) 2 ) 4 

1 ((tj 1 ) 4 ^ 3 - (^) 2 (?; 2 )V + (u 1 ) 2 ^ 3 ) 3 ^^ 1 ) 2 + (f 2 ) 2 + (i; 3 ) 2 ^ 1 

~ 2 ((^1)2 + ^2)2 + ^3)2)4 

{2{v 1 ) 3 v 3 - v^v^v 3 + t; 1 ^ 3 ) 3 )^ 1 ) 2 + (t, 2 ) 2 + (v 3 ) 2 ) 
((i; 1 ) 4 ?; 3 - (t; 1 ) 2 ^ 2 ) 2 ^ 3 + (t; 1 ) 2 ^ 3 ) 3 ^ 1 

(( Z ;l)2 + ( w 2)2 + ( u 3)2)3 

_ 2(v 1 ) 5 v 3 - (w 1 ) 3 ^ 2 ) 2 ^ 3 + (w 1 ) 3 ^ 3 ) 3 

- ((„1)2 + ( w 2)2 + („3)2)3 

2{v 1 ) 3 {v 2 fv 3 - u V)V + « V) 2 (z; 3 ) 3 
+ ((v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

2(v 1 ) 3 (v 3 ) 3 - v 1 ^ 2 ) 2 ^ 3 ) 3 + v 1 ^ 3 ) 5 

+ ((^1)2 + ^2)2 + ^3)2)3 

2(v 1 ) 5 v 3 - 2(v 1 ) 3 (v 2 ) 2 v 3 + 2(v 1 ) 3 {v 3 ) 3 

(^1)2 + ^2)2 + ^3)2)3 
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(3.3.13) < 



(3.3.14) 



1 {A^fv 2 + 2v 1 {v 2 ) 3 - 2v 1 v 2 {v 3 ) 2 )((v 1 ) 2 + (v 2 ) 2 + jv 3 ) 2 ) 2 

513 W ~ ^ ((„1)2 + („2)2 + ( y 3)2)4 

1 ((i- 1 ) 4 !; 2 + (f 1 ) 2 ^ 2 ) 3 - (i; 1 ) 2 ^; 2 (^ 3 ) 2 )2((^ 1 ) 2 + (v 2 ) 2 + (^ 3 ) 2 )2^ 

2 ((„1)2 + („2)2 + („3)2)4 

(2ft; 1 )V + t* 1 ^ 2 ) 3 - pVfo 3 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (i; 3 ) 2 ) 
((u 1 ) 2 + (u 2 ) 2 + (v 3 ) 2 ) 3 

((^)V + (^) 2 (« 2 ) 3 - (i^Vfo 3 ) 2 ^ 1 
((v 1 ) 2 + {v 2 ) 2 + (v 3 ) 2 ) 3 

_ 2{v 1 ) 5 v 2 + (t; 1 ) 3 ^ 2 ) 3 - (i* 1 ) 3 ^ 3 ) 2 2(v 1 ) 3 {v 2 ) 3 + v 1 ^ 2 ) 5 ~ v 1 ^ 2 ) 3 ^ 3 ) 2 

~ ((z;l)2 + ( w 2)2 + („3)2)3 + ((„1)2 + („2)2 + („3)2)3 

2(«i)3„2( w 3)2 + v l (^2)3^3)2 „ W V^3)4 2 (v 1 )V + 2(« 1 ) 3 (v 2 ) 3 - 2(« 1 ) 3 i; 2 (v 3 ) 2 



((,,1)2 + ( w 2)2 + (^3)2)3 ((^1)2 + (^2)2 + (^3)2)2 

1 (-2(^) 2 ^ 3 )((^) 2 + jv 2 ) 2 + jv 3 ) 2 ) 2 
+ 2 ((v 1 ) 2 + {v 2 ) 2 + (i; 3 ) 2 ) 4 

1 ((v 1 )^ 3 - (w 1 ) 2 ^ 2 ) 2 ^ 3 + (« 1 ) 2 (i; 3 ) 3 )2((i J 1 ) 2 + (i> 2 ) 2 + (i- 3 ) 2 ^ 2 



= 1 



2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) i 

-(v^v 3 ^ 1 ) 2 + (v 2 ) 2 + jv 3 ) 2 ) 
1+ ((w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

(_(^l)4^3 + (^1)2(^2)2^3 _ (^1)2(^3)3)2^2 
{(v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

-(v v ) 4 v 2 v 3 - (v r ) 2 (v 2 ) 3 v 3 - {v^v 2 ^ 3 ) 3 

((^1)2 + („2)2 + (^3)2)3 

^(t; 1 ) 4 ^ 3 + 2(v 1 ) 2 (v 2 ) 3 v 3 - 2(v 1 ) 2 v 2 (v 3 ) 3 

n2 i („2\2 . („3\2\3 



(( w l)2 + („2)2 + ( w 3)2) 
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(3.3.15) 



(3.3.16) 



92s{v) = - 



1 {(v 1 ) 4 + Zjv 1 ) 2 ^ 2 ) 2 - (v 1 ) 2 ^ 3 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

2 {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

1 ((v 1 )^ 2 + (u 1 ) 2 ^ 2 ) 3 - (t; 1 ) 2 ^ 3 ) 2 ^^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 )2v 2 

2 ((i; 1 ) 2 + (« 2 ) 2 + (v 3 ) 2 ) 4 

1 ((v 1 ) 4 + 3(^) 2 (« 2 ) 2 - (z; 1 ) 2 ^ 3 ) 2 )^ 1 ) 2 + (i; 2 ) 2 + jv 3 ) 2 ) 

2 ((z; 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1 (-(^V - (^) 2 (« 2 ) 3 + (i; 1 ) 2 ^ 3 ) 2 )^ 2 

2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1 (« 1 ) 6 + 3(u 1 ) 4 (w 2 ) 2 - (w 1 ) 4 ^ 3 ) 2 
2 



((v 1 ) 2 + (v 2 ) 2 + (, 



:3\2\3 



+ 



= 1 



1 (i; 1 ) 4 ^ 2 ) 2 + 3(^) 2 (f 2 ) 4 - (z; 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 

2 {(v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 

1 (i; 1 ) 4 ^ 3 ) 2 + S^ 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 - (u 1 ) 2 ^ 3 ) 4 

2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1 -4(i; 1 ) 4 (i; 2 ) 2 - 4(f 1 ) 2 (i> 2 ) 4 + 4(t> 1 ) 2 (t> 2 ) 2 (i> 3 ) 2 

2 ((v 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 



933 («) 

1 (^(^uVXfo 1 ) 2 + (f 2 ) 2 + (f 3 ) 2 ) 2 
2 



((t; 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 4 

1 ((^)S 2 + (i; 1 ) 2 ^ 2 ) 3 - (v^v 2 ^ 3 ) 2 ^ 1 ) 2 + (f 2 ) 2 + (i; 3 ) 2 )2t; 3 

2 {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

i -(« 1 ) 2 u V(( t ; 1 ) 2 4> 2 ) 2 + (u 3 ) 2 ) 



(( u l)2 + ( l ,2)2 + ( u 3)2)4 
(_(^1)V _ (r, 1 ) 2 ^ 2 ) 3 + (p 1 ) V(tt 3 ) 2 )2t> 3 

+ {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

_( W 1)VV _ ^1)2^2)3^3 _ ^1)2 W 2^3)3 
- 1+ ((^1)2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

-2(« 1 ) 4 w 2 ?; 3 - 2(u 1 ) 2 (u 2 ) 3 w 3 + 2(i> 1 ) 2 u 2 (w 3 ) 3 
+ (( w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

The equation (3.3.2) follows from the equation (3.3.11). The equation (3.3.3) follows from the equation (3.3.12). 
The equation (3.3.4) follows from the equation (3.3.13). The equation (3.3.5) follows from the equation (3.3.14). 
The equation (3.3.6) follows from the equation (3.3.15). The equation (3.3.7) follows from the equation (3.3.16). 

□ 

Theorem 3.3.2. The Finslerian metric defined by equation (3.3.1) generates symmetric relation of orthog- 
onality. 
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Proof. We will start the procedure of orthogonalization from the basis 





(l\ 




(o) 




(°) 


ei = 





e 2 = 


1 


e 3 = 















W 



Let 



ej = ei e 2 



.,'2 



VI) 



' 3 



be orthogonal basis. Since vector e' 2 is orthogonal to vector e' 1; then according to the definition 2.3.1 



(3.3.17) 

According to equations (3.3.2), (3.3.3), (3.3.4) 
(3.3.18) 



5ij(ei)« 







5ii(ei) = l 9i 2 (ei) = gi 3 (e' 1 )=0 
922 (ei) = 1 323 (ei) = tj 
333 (ei) = 1 



From equations (3.3.17), (3.3.18), it follows that 
(3.3.19) 

Since values e' 2 , e'\ are arbitrary, we assume 3 4 
(3.3.20) e'\ 



e'l =0 



e'| = & 



According to the theorem 3.3.1 and the equations (3.3.19), (3.3.20), 

ab 



(3.3.21) 



a 5 b + 2a 3 b 3 + ab 5 



2 + b 2 5i2(e 2 ) = 3i 3 (e 2 ) = 

322 (e 2 ) = 1 323 (e 2 ) = 
533 (e 2 ) = 1 



From equations (3.3.20), (3.3.21), it follows that 

Is 1 \J i JO 



gij(e' 2 )e' 2 e'{ = ga(e' 2 )e' 2 = 

Therefore, the vector e[ is orthogonal to vector e' 2 . 

Since vector e' 3 is orthogonal to vectors e[, e' 2 , then according to the definition 2.3.1 



9ij( 



(3.3.22) 



5y(e 2 ) 



o 



3 2i (e' 2 )ae^ + 33j(e 2 )6e'| = 



3 - 3 See section [8]-3. 

3 ' 4 If we assume a = 1, 6 = 0, then it is easy to see that vector ei is orthogonal to vector <=2 and vector ei is orthogonal to vector 
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From equations (3.3.18), (3.3.21), (3.3.22), it follows that 
(3.3.23) e 'i = ae' 2 + be% = 

From the equation (3.3.23), it follows that we can assume 
(3.3.24) 

According to the theorem 3.3.1 and the equation (3.3.24), 
Pu(e 3 ) 



e n 3 = e'% = -b e% = a 



, (-&) 5 a + 2(-b) 3 (q) 3 + (^)( a ) 5 
1 + — — — 312(63) = 



(3.3.25) 



1 



ah 



{a? + b 2 f 



b 2 



322 (e 3 ) = 1 



3i3(e 3 ) 

323 (e 3 ) 
333 (e 3 ) 



From equations (3.3.20), (3.3.24), (3.3.25), it follows that 



3y(e 3 ) 



g a (e' 3 )e% = 



3 4i (e 3 )e' 3 e^ = 3 l2 (e 3 )e' 3 a + g i3 (e' 3 )e n 3 b 

= {—b)a + ab = 
Therefore, the vectors e[, e' 2 are orthogonal to vector e 3 . 
Since 



then the length of the vector 



— // — / 

e 1 = e 1 



equal 1. Since 

then the length of the vector 



F 2 (e[) = 1 

(l\ 



W 

F 2 (e' 2 ) = a 2 + b 2 
( 







equal 1. Since 



b 

F 2 (e' 3 ) = (-b) 2 + (a) 2 = b 2 + a 2 



'Mi 
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then the length of the vector 



1 



Va 2 + b 2 



Va 2 + b 2 
a 



equal 1. Therefore, the basis e" is orthonormal basis. There is passive transformation between bases e" and e 

(l \ 

a b 



(3.3.26) 



ei e 2 e 3 







Va 2 + b 2 y/a 2 + b 2 
b a 
V Va 2 + b 2 Va 2 + b 2 J 
Theorem 3.3.3. Coordinates of metric tensor relative to the basis e" have form 

(l \ 

ab la 2 - b 2 



(3.3.27) 



o 1 



a 2 + 6 2 2 a 2 + 6 2 
1 a 2 - 6 2 a& 



\° 2a 2 + 6 2 1 a 2 + fo 2 / 



(3.3.28) 



ab 



b 2 



ab 



b 2 



(3.3.29) 





1 

h 



1 

1, 
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PROOF. From equations (2.5.3), (3.3.18), (3.3.26), it follows that 



(3.3.30) 



Si'i(ei') 

9'UeD- 

9'IM) 



911 (A) = 1 

gi2(e'{)Al+g l3 (e'{)Al=0 

g 12 (e'{)Al+g 13 (e'{)A 3 3 =0 

g 22 {e'i)AlAl + 2g 23 {e'{)AlAl 
a 2 ab b 2 



i 2 + b 2 a 2 + b 2 



b 2 



1 



9'1M) = 922{e'l)A 2 A 2 + g 23 (el)A 2 Al 



-ab 



1 



1 1 



9M{e'l)AlA\ 
ab 

g 23 (e'{)A 2 3 A 3 
2 ab 



■933(e'{)AU 



la 2 



b 2 2 a 2 



2 2 a 2 



b 2 



i 2 +b 2 2 a 2 + b 2 



9 22(e'{)A 2 A 2 + 2g 23 (e'{)A 2 A 3 + g 33 (e'{)A 3 3 A 3 

b 2 ab a 2 ab 

= 1 - 



b 2 



b 2 



b 2 



+ b 2 



The equation (3.3.27) follows from (3.3.30). From equations (2.5.3), (3.3.21), (3.3.26), it follows that 

ab 



(3.3.31) 



g'MA) 
gWi)- 

gUA) 
9W2Y 



3n(e 



1 



b 2 



9n(A) A\ + 912(A) A\ + g 13 (e'i)Al = 

flu (3M + g 12 (A)A 2 3 + g 13 (A)A 3 3 = 

g 22 $ 2 ')A\A\ + 2g 23 {A)A 2 Al + g 33 (A)A 3 2 A 3 
a 2 b 2 

1 



b 2 



b 2 



gUA) = 92 2 (A)A\A\ + g 33 (e'i)AlAl = 

9^(A) = 922(A)A 2 A\ + 2g 23 (A)A 2 3 Al + g3s(A)A 3 3 A 3 

h 2 n 2 

= 1 



a 2 + b 2 



b 2 



The equation (3.3.28) follows from (3.3.31). From equations (2.5.3), (3.3.25), (3.3.26), it follows that 

ab 



(3.3.32) 



<?ii(e 3 ') : 

g'UA)- 

gun) 

g'22(e' 3 ) 

g 2 M. 



gu(e 3 ) = 1 - 



b 2 



g n (e'i)A$ + 912(A) A\ + gi 3 (A)A 3 2 = 

gii(A)A\ + g 12 (A)A 2 3 + gi 3 (A)A 3 3 = 

g 22 (A)A\A\ + 2g 23 {A)A\A\ + g 33 (A)A 3 2 A 
a 2 b 2 

1 



a 2 + b 2 



b 2 



= g 22 (e'i)AUi+g 3 s(e'i)A 3 2 A 3 3 = 
g'k(A) = 922(A)A 2 3 A 2 + 2g 23 (e>i)A 2 A 3 + g 33 (A)A 3 3 A 



b 2 



b 2 



The equation (3.3.29) follows from (3.3.32). 
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Corollary 3.3.4. The matrix (2.3.9) corresponding to the Finslerian metric defined by equation (3.3.1) 
is diagonal matrix. □ 

3.4. Example 2 of Minkowski Space of Dimension 3 

We consider example of the Finslerian metric of Minkowski space of dimension 3 (considered metric is a 
special case of metric [12]-(3)) 

( W 1)3 W 2 



F a (v)=((v 1 ) 2 + (v*) 2 + (y 3 ) 2 ) ( 1 + 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 



(3.4.1) 

Theorem 3.4.1. The Finslerian metric F 2 defined by equation (3.4.1) generates metric of Minkowski 
space 

(v 1 ) 3 ^ 2 ) 3 + (v 1 ) 3 v 2 {v 3 ) 2 



9u(v) = 1 - 



(3.4.2) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

6^2)3(^3)2 + 3^1(^2)5 + 3^1^2^3)4 
((V 1 ) 2 + {V 2 ) 2 + (v 3 ) 2 ) 3 



, , 1 (v 1 ) 6 + 6(^) V) 2 - 3(^) 2 (z; 2 ) 4 + 4(^) V) 2 + 3(^)> 3 ) 4 
(3-4.3) g 12 [v) = -- 



(3.4.4) g 13 (v 



(3.4.5) 522 (U) = 1 



2 ((v 1 ) 2 ^-^ 2 ) 2 ^-^ 3 ) 2 ) 3 
, (v 1 ) i v 2 v 3 - 3(« 1 ) 2 (v 2 ) 3 « 3 - 3(^)VV) 3 



({v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

(„1)3(„2)3 _ 3(^1)5^2 _ 3(^1)3^3)2 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1\3^,2\2„3 _ f,,, 1\5„3 _ f„,l\3(„,3\3 



(3.4.6) g 23 (y) = 



(3.4.7) 533^) = 1 + 



, _ 3(^) 3 (i; 2 )V - {v 1 )^ 3 - (v 1 ) 3 ^ 3 ) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

3(^1)3^2^3)2 _ (^1)5^2 _ ( w l)3 (u 2)3 



{(V 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 
PROOF. From the equation (3.4.1) it follows that 

dF 2 (v) _ ! ijv^fv 2 ^ 1 ) 2 + (t^ 2 ) 2 + jv 3 ) 2 ) - {v^v^v 1 
dv 1 V + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

! Z^fv 2 + Ziv 1 ) 2 ^ 2 ) 3 + Ziv^v 2 ^ 3 ) 2 - 2{v 1 ) i v 2 



(3.4.8) = 2v 

= 2v 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 
! (v 1 )^ 2 + 3(^)> 2 ) 3 + S^ 1 ) 2 ^ 3 ) 2 

+ ((^1)2 + ^2)2 + ^3)2)2 



dF 2 (v) _ o 2 jv 1 ) 3 ^ 1 ) 2 + jv 2 ) 2 + jv 3 ) 2 ) - (v 1 ) 3 v 2 2v 2 
dv 2 ~ + ((«i)a + (w 2 ) 2 + (v 3 ) 2 ) 2 

2 (w 1 ) 5 + (v 1 ) 3 ^ 2 ) 2 + (v 1 ) 3 ^ 3 ) 2 - 2(v r ) 3 (v 2 ) 2 



(3.4.9) 2v ., v 

= 2v 2 



((v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 y 

(,,1)5 + ( u l)3(,,3)2 _ (,,1)3(^2)2 



{(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 
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:S!> 



(3.4.10) 



dF 2 (v) 



-2(^)W 



= 2v 3 



dv 3 ((„1)2 + („2)2 + („3)2)2 

From equations (2.2.2), (3.4.8), (3.4.9), (3.4.10), it follows that 

,9ii (v) 

1 {A^fv 2 + Qv 1 ^ 2 ) 3 + ^v 2 ^) 2 )^ 1 ) 2 + (i; 2 ) 2 + (v 3 ) 2 ) 2 
_1 + 2 ((u 1 ) 2 + {v 2 ) 2 + (u 3 ) 2 ) 4 

1 (^)V + 3(^) 2 (^) 3 + Sfo 1 ) V(u 3 ) 2 

2 ((v 1 ) 2 + (i> 2 ) 2 + (v 3 ) 2 ) 4 
*2((w 1 ) 2 + ( U 2 ) 2 + ( U 3 ) 2 )2 U 1 

(2(u 1 ) 3 v 2 + Sv 1 ^ 2 ) 3 + 3v V^ 3 ) 2 )^ 1 ) 2 + {v 2 ) 2 + (v 3 ) 2 ) 



(3.4.11) 



(3.4.12) 



= 1 



((,,1)2 + („2)2 + („3)2)3 

((^)V + 3(^) 2 (« 2 ) 3 + 3(i; 1 )V(« 3 ) 2 )2?; 1 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2(v 1 ) 5 v 2 + Sjv 1 ) 3 ^ 2 ) 3 + 3(^) 3 i; 2 (z; 3 ) 2 
+ {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2 (,,l)3( v 2 ) 3 + 3 „1(„2)5 + 3^1^2)3^3)2 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2(t; 1 )V (i> 3 ) 2 + 3«> 2 ) 3 (?; 3 ) 2 + 3^^ 2 (^ 3 ) 4 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2{v 1 fv 2 + ^v 1 ) 3 ^ 2 ) 3 + e^ 1 ) 3 ^ 3 ) 2 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

512 (v) 

_ 1 (5(^) 4 + 3(^) 2 (z; 3 ) 2 - 3(« 1 ) 2 (z; 2 ) 2 )((i; 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

- 2 ((^1)2 + (^2)2 + (^3)2)4 

1 ((v 1 ) 5 + (i; 1 ) 3 ^ 3 ) 2 - (t; 1 ) 3 ^ 2 ) 2 ^^ 1 ) 2 + (t> 2 ) 2 + (^ 3 ) 2 )2t; 1 
~2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 )* 

_ 1 (5(^) 4 + 3(^)> 3 ) 2 - 3(« 1 ) 2 (t; 2 ) 2 )((« 1 ) 2 + jv 2 ) 2 + jv 3 ) 2 ) 

~2 (( w l)2 + ( w 2)2 + ( w 3)2)3 

1 ((v 1 ) 5 + (i; 1 ) 3 ^ 3 ) 2 - (z; 1 ) 3 ^ 2 ) 2 ^ 1 
~ 2 {{v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

_ 1 S^ 1 ) 6 + 3(^)> 3 ) 2 - Zjv 1 ) 4 ^ 2 ) 2 
~ 2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1 S^ 1 ) 4 ^ 2 ) 2 + Sfo 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 - 3(^) 2 (« 2 ) 4 
f 2 ((i; 1 ) 2 + (w 2 ) 2 + (v 3 ) 2 ) 3 

1 5(^) V) 2 + 3(^)> 3 ) 4 - 3(^) 2 (?; 2 ) 2 (?; 3 ) 2 
f 2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

1 -4Q; 1 ) 6 - 4(^) 4 (« 3 ) 2 + 4(^) 4 (^ 2 ) 2 

f 2 (( w l)2 + („2)2 + (^3)2)3 
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1 (-6(t; 1 ) 2 ^ 3 )((z; 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

9l3{v)- 2 (( w l)2 + (,,2)2 + ^3)2)4 

1 (-2(t; 1 ) 3 ^ 2 ^ 3 )2((^ 1 ) 2 + (v 2 ) 2 + (z; 3 ) 2 ^ 1 

2 ((„1)2 + („2)2 + („3)2)4 

_ (-3(i; 1 ) 2 t; 2 z; 3 )((z; 1 ) 2 + (z> 2 ) 2 + (z> 3 ) 2 ) + ((z^fz/V^z; 1 

((„1)2 + („2)2 + ( w 3)2)3 

-Z{v 1 ) i v 2 v 3 - 3<y ) 2 (u 2 )V - 3(w 1 ) 2 w 2 (« 3 ) 3 ) + ±(v 1 ) i v 2 v s 



922(v)= 1 + 



(( w l)2 + ^2)2 + ^3)2)3 

1 (-2(« 1 ) 3 w 2 )((w 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 ) 2 



2 ((v 1 ) 2 + (V 2 ) 2 + (v 3 ) 2 ) 4 

1 ((z; 1 ) 5 + (v 1 ) 3 ^ 3 ) 2 - (z, 1 ) 3 ^ 2 ) 2 ^^ 1 ) 2 + (z> 2 ) 2 + (z> 3 ) 2 )2z; 2 

2 ((z; 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 ) 4 

(-(z, 1 )^ 2 )^ 1 ) 2 + (z> 2 ) 2 + (z> 3 ) 2 ) 
+ ((z; 1 ) 2 + (z> 2 ) 2 + (z> 3 ) 2 ) 3 

((z; 1 ) 5 + (z; 1 ) 3 ^ 3 ) 2 - (z; 1 ) 3 (z; 2 ) 2 )2z; 2 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

-(z^V - (z, 1 ) 3 ^ 2 ) 3 - (z; 1 ) 3 z, 2 (z, 3 ) 2 
- 1+ ((t; 1 ) 2 + (t; 2 ) 2 + (t; 8 ) 2 ) 3 

{-2{v r fv 2 - 2(z> 1 )V(z; 3 ) 2 + 2(z> 1 ) 3 (z> 2 ) 3 
+ ((,,1)2 + (z; 2 ) 2 + (v 3 ) 2 ) 3 

523 (v) 

_ 1 (-2(z; 1 ) 3 z» 3 )((z; 1 ) 2 + (z, 2 ) 2 + (v 3 ) 2 ) 2 
~ 2 ((z, 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 ) 4 

1 (-2(z; 1 ) 3 z; 2 z; 3 )2((z; 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 )2z> 2 
~2 ((z; 1 ) 2 + (z' 2 ) 2 + (z; 3 ) 2 ) 4 

-(z; 1 ) 3 z; 3 ((z; 1 ) 2 + (z> 2 ) 2 + (z, 3 ) 2 ) + 2(z, 1 ) 3 z; 2 z; 3 2z; 2 

- ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

_( W 1)5 W 3 _ ^1)3^2)2^3 _ („l)3( w 3)3 + 4^1)3^2)2^3 

- ((z;!) 2 + („2)2 + (^3)2)3 

533 {v) 

l (-2(z; 1 )V)((z; 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 ) 2 
2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

1 {-2{v 1 ) 3 v 2 v 3 )2((v 1 ) 2 + (z> 2 ) 2 + (z; 3 ) 2 )2z> 3 

_ 2 ((v 1 ) 2 + ( V 2 ) 2 + (v 3 ) 2 ) 4 

(-(z; 1 ) 3 z) 2 )((z; 1 ) 2 + (z> 2 ) 2 + (z, 3 ) 2 ) + (2(z; 1 ) 3 z> 2 z; 3 )2z; 3 



= 1 



((z; 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 ) 3 

(^l)V _ („1)3(„2)3 _ ^1)3^2^3)2+4(^1)3^2^3)2 
((t,l)2 + ( w 2)2 + ( w 3)2)3 
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The equation (3.4.2) follows from the equation (3.4.11). The equation (3.4.3) follows from the equation (3.4.12). 
The equation (3.4.4) follows from the equation (3.4.13). The equation (3.4.5) follows from the equation (3.4.14). 
The equation (3.4.6) follows from the equation (3.4.15). The equation (3.4.7) follows from the equation (3.4.16). 

□ 

Theorem 3.4.2. The Finslerian metric F 2 defined by equation (3.4.1) generates asymmetrical relation of 
orthogonality. However, there exist vectors v, w for which the relation of orthogonality is symmetric. 

Proof. We will start the procedure of orthogonalization 35 from the basis 















ei = 





e 2 = 


1 




















Let 







(e>l) 


e' 2 

e 2 






vv 







f'l 



be orthogonal basis. Since vector e' 2 is orthogonal to vector ei, then according to the definition 2.3.1 

3y(ei)e'le^ = 

(3.4.17) gij&Wi = o 
According to equations (3.4.2), (3.4.3), (3.4.4), 

3u(ei) = 1 9i2(e[) = 

(3.4.18) g 22 (e[) = 

Prom equations (3.4.17), (3.4.18), it follows that 

(3.4.19) e n 2 + \e'\ 



5i3 (e'i) 
523 (ei) 
533 (ei) 



Since value e'\ is arbitrary, we assume 
(3.4.20) 



3.G 



P 11 

e 2 



='2 

' 2 



2a 



e 2 



We define coordinates of vector e' 2 up to arbitrary factor. Therefore, without loss of generality, we can divide 
coordinates of vector e' 2 on a. We must consider two cases. We consider procedures of orthogonalization when 
a = in subsection 3.4.1. We will see that in this case relation of orthogonality is commutative. We consider 
procedures of orthogonalization when o ^ in subsection 3.4.2. We will see that in this case relation of 
orthogonality is not commutative. □ 



3 - 5 See section [8]-3. 

3 '^If we assume a = 1, b = 0, then it is easy to see that vector ~e\ is orthogonal to vector e?2 and vector e.2 is orthogonal to vector 



ei. 



42 



3. Examples of Minkowski Space 



3.4.1. Procedures of Orthogonalization, (a = 0). Since b is arbitrary, we can assume 6=1. So, the 
vector e' 2 has form 



(3.4.21) 





W 



According to the theorem 3.4.1 and the equation (3.4.21), 

9n{e' 2 ) = 1 .912(52) = 0i3 (e 2 ) = 
(3.4.22) 522 (e 2 ) = l g 23 (e> 2 ) = 

533 (e 2 ) = 1 

From equations (3.4.20), (3.4.22), it follows that 



922{e' 2 )e'l =0 



Therefore, the vector e[ is orthogonal to vector e' 2 . 

Since vector e 3 is orthogonal to vectors e' 1; e' 2 , then according to the definition 2.3.1 

fl«(8i)eVj = 
(3.4.23) 3ii(ei)e° 3 = 

From equations (3.4.18) (3.4.22), (3.4.23), it follows that 



93j(e' 2 . 



a 1 j 

2 e 3 



(3.4.24) 



el = 



From the equation (3.4.24), it follows that we can assume 



(3.4.25) 



.,'2 



J3 







According to the theorem 3.4.1 and the equation (3.4.25), 

-(-1) 3 2 3 + 3(-l)2 5 



= 1 



(3.4.26) 



fii (e' 3 ) 

512(63) 
5i3(e 3 ) = 
522 (e 3 ) 



((-l) 2 + 2 2 ) 3 
1 (_1) 6 + 6(-l) 4 2 2 - 3(-l) 2 2 4 

2 



= 1 



52 3 (e 3 ) = 



533 (e' 3 ) 

From equation (3.4.26), it follows that 



= 1 



(3.4.27) 



5(4) 



((-l) 2 + 2 2 ) 3 

(-l) 3 (2) 3 -3(-l) 5 2 
((-l) 2 + 2 2 ) 3 

-(-1) 5 2 - (-1) 3 2 3 

((_l)2 + 2 2)3 



125 250 
123 
125 



V 





27 
25/ 
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From equations (3.4.20), (3.4.25), (3.4.27), it follows that 

9iM>%e'i= gil (e' 3 )e'l+g 21 (e' 3 )e'l 

125 v ' 250 25 

g i3 (e^e'le'i = g^{e 3 )e'l = 

Therefore, the vector e' 2 is orthogonal to vector e' 3 and the vector e[ is not orthogonal to vector e' 3 . 
Since 

F 2 (e[) = 1 

then the length of the vector 

fl\ 



W 



equal 1. Since 

then the length of the vector 



F\e' 2 ) = 1 




— // — / 

e-2 = e-2 



equal 1. Since 

then the length of the vector 



F 2 (e' 3 ) = (-l) 2 + 2 2 + 



5_, 



V 1 / 

(-1) 3 2 _ 23 
(-1) 2 + 2 2 ~ y 



23 

V J 

equal 1. Therefore, the basis e" is orthonormal basis. There is passive transformation between bases e" and e 



(3.4.28) 



(e'{ e'i e' 3 ) = (e x e 2 e 3 ) 



1 ° "^23 



2 



V° 1 
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Theorem 3.4.3. Coordinates of metric tensor relative to the basis e" have form 



(3.4.29) 



K) 



(l \ 
1 






20 

V° 23/ 




(3.4.30) 



<?"(4) 



1 



(3.4.31) 



TO 





V 23 


25 


V 


23 


/ 


37 


123 




125 


125 




123 


27 




125 


25 




12 rr 





V 


25 V 23 



12 
25 



23 



Proof. From equations (2.5.3), (3.4.18), (3.4.28), it follows that 











g 13 (e'l)A\ = 




gUe'{) = 


gil {e'{)A\+g l2 {e'{)Al = -sj 


23 2 V 23 




g^{e'l)AlAl = 1 




9%M) = 


g 13 (e'!)AUl+92s(e'!)AlAl- 


= 


9 3 M) = 


gil {e'{)AlAl + 2g u {e'{)A\Al 


+ g 22 (e1)A 2 3 A 2 s 



(3.4.32) 



„ 5 20 
4 * — = — 
23 23 

The equation (3.4.29) follows from (3.4.32). From equations (2.5.3), (3.4.22), (3.4.28), it follows that 

= 1 




(3.4.33) 



gun) 

flM) = 53i {e'i)AlA\ + g 3 2(n)A 3 2 A% = 
9','M 



g 13 {e'i)Al = 

5ll (eM+.9i2(eM = -yj 
g 33 (e%)A 3 2 A 3 2 = 1 



gii{e'i)A\A\ + 2g 12 ^)A\Al + g^i)A\Al 



5 

23 



4 * 



23 



25 
23 
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The equation (3.4.30) follows from (3.4.33). From equations (2.5.3), (3.4.27), (3.4.28), it follows that 



(3.4.34) 



37 



125 



123 
125 



= sis (4'M! 

3i3(e 3 ') = SiiOM +Si2(^§ - -^^5' 



23 
250' 



2«/ — 



„, 23 . 5 123, 5 

2( )2 * 1 4 * — = 1 

v 250 ; 23 125 23 



_ 27 
~~ 25 

9'iM) = .93i(e 3 ')^^3 + 33 2 (e 3 ')^I = 

= Sii(e 3 ')^3 + 2g l2 {e'i)A\Al + g^)A\A 

37 5 
~~ 125 23 

The equation (3.4.31) follows from (3.4.34). □ 

COROLLARY 3.4.4. Relative to the basis e" defined by the equation (3.4.28), the matrix (2.3.9) corresponding 
to the Finslerian metric F 2 defined by equation (3.4.1) has form 

( 1 o\ 



(3.4.35) 



1 

1 



3.4.2. Procedures of Orthogonalization, (a 7^ 0). Since b is arbitrary, we can assume a 
vector e' 2 has form 



□ 

1. So, the 



(3.4.36) 



f-l\ 

2 



According to the theorem 3.4.1 and the equation (3.4.36), 

(-1) 3 2 3 + (-1) 3 26 2 6(-l)2 3 6 2 + 3(-l)2 5 + 3(-l)26 4 



(3.4.37) 



3n(e 2 J 
312(^2) 
3i3 (e 2 ) 

322 (e' 2 ) 

323 (e' 2 ) 
333 (e 2 ) 



= 1 



1 ((-l) 2 + 2 2 + 6 2 ) 3 ' ((-l) 2 + 2 2 + 6 2 ) 3 

1 (-1) 6 + 6(-l) 4 2 2 - 3(-l) 2 2 4 + 4(-l) 4 fe 2 + 3(~1) 2 & 4 

2 ((-l) 2 + 2 2 + 6 2 ) 3 
(-1) 4 26 - 3(-l) 2 2 3 b - 3(-l) 2 2fr 3 

((-l) 2 + 2 2 + & 2 ) 3 
'-1) 3 2 3 - 3(-l) 5 2-3(-l) 3 26 2 
((-l) 2 +2 2 + 6 2 ) 3 
3(-l) 3 2 2 fr- (-1) 5 6- (-l) 3 b 3 
((-l) 2 + 2 2 + 6 2 ) 3 
3(-l) 3 2b 2 -(-l) 5 2-(-l) 3 2 3 
1+ ((-l) 2 + 2 2 +6 2 ) 3 
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Prom equations (3.4.37), it follows that 



(l- 



(3.4.38) 



+ 46b 2 + 6b 4 
(5 + b 2 ) 3 



-23 + 4b 2 + 3b 4 

2(5 + b 2 ) 3 
i -2 + 6b 2 



(5 + b 2 ) 3 



V 



From equations (3.4.20), (3.4.38), it follows that 



9ij{e'2WW{] = 5n(e 2 )e 2 
e 8 + 46b 2 + 6b 4 



=(1 



= -1 + 



(5 + b 2 ) 3 
88 + 46b 2 + 6b 4 
(5 + b 2 ) 3 



)(-l) 



-23 + 4b 2 + 3b 4 , 



-226- 6b 3 

(5 + b 2 ) 3 
-llb + b 3 

(5 + b 2 ) 3 

-6b 2 + 10 
f (5 + b 2 ) 3 J 



-22b- 6b 3 , 



2(5 + b 2 ) 3 (5 + b 2 ) 3 

-23 + 4b 2 + 3b 4 -22b 2 - 6b 4 



65 + 28b 2 + 3b 4 _ 
+ (5 + b 2 ) 3 
-b 4 - lb 2 - 12 



(5 + b 2 ) 3 

13 + 3b 2 
+ (5 + b 2 ) 2 



(5 + b 2 ) 3 
-b 4 - 10b 2 - 25 + 13 + 3b 2 
(5 + b 2 ) 2 



(5 + b 2 ) 2 

This expression is negative for any value of b. Therefore, the vector e' x is not orthogonal to vector e' 2 . 
Since vector e 3 is orthogonal to vectors e' 1; e 2 , then according to the definition 2.3.1 

(3.4.39) 9ij@x)e'i = -9ij(e' 2 )e% + 2g 2j (e' 2 )e'i + bg 3j (e' 2 )e'i = 

From equations (3.4.18) (3.4.38), (3.4.39), it follows that 



(3.4.40) 



,'2 







(3.4.41) 



-(1 



+2- 



88 + 46b 2 + 6b 4 n 
(5 + b 2 ) 3 )63 
-23 + 4b 2 + 3b 4 



-23 + 4b 2 + 3b 4 
2(5 + b 2 ) 3 
-2 + 6b 2 , 



-,'2 



'3+2(1 + 



+b 



-e'l + b- 



(5 + b 2 ) 3 

llb+b 3 /2 



2(5 + b 2 ) 3 
-22b -6b 3 

(5 + b 2 ) 3 63 ' " (5 + b 2 ) 3 
From the equation (3.4.40), it follows that we can assume 



e'i + b(l + 



(3.4.42) 



-c e'\ = 2c 



-22b - 6b 3 
(5 + b 2 ) 3 ' 
,-116+ b 3 
1 (5 + b 2 ) 3 ' 
-6b 2 + 10 
(5 + b 2 ) 3 



,'3 



o'3 
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From equations (3.4.41), (3.4.42), it follows that 

es -23 + 46 2 + 36 4 



2(5 + 6 2 ) 3 



-23 + 46 2 + 36 4 
2C ~ 2 2(5 + 6 2 ) 3 C 



(3.4.43) 



4(1 



-2 + 66 2 N -226 -6b 3 -116+ 6 3 
-)c - b , ONO c + 2b c 



(5 + 6 2 ) 2 



-22b -6b 3 , 3 



(5 + 6 2 ) 



3 c 3 



(5 + 6 2 ) 3 

-116 + 6 3 , 3 
(5 + 6 2 ) 3 63 



6(1 



(5 + 6 2 ) 3 
-66 2 + 10 , 3 



(5 + 6 2 ) : 



Let b ^ 0. From the equation (3.4.43), it follows that 



(5 



-50 - 306 2 - ib 4 
(5 + 6 2 ) 3 



)c=(-b + 



(5 + " 4(b2+ 5t 2 !f 2 + 5) )c = -6(l + 2 



-26 3 - 106 , 3 
(5 + 6 2 ) 3 )e3 
6 2 +5 , 



(5 



(5 + 6 2 ) 3 
-4(6 2 + 5) + 10 c 
(5 + 6 2 ) 2 ^6 



(5 + 6 2 ) 



3> 6 3 



-(1 



r (5 + 6 2 ) 2)e ' 3 
((5 + 6 2 ) 2 +2) e ' 3 



r:>, 



(3.4.45) 



(5(5 + 6 2 ) 2 -4(6 2 + 5) + 10)- 



From the equation (3.4.45), it follows that 

c5(5 + 6 2 ) 2 - 4(6 2 + 5) + 10 
b~ 



(3.4.46) 



,'3 



_c f _4^+6)_ 
6 l (5 + 6 2 ) 2 +2 ; 



3 6 (5 + 6 2 ) 2 + 2 

From equations (3.4.42), (3.4.46), it follows that c ^ is arbitrary; we assume c = 1 

(3.4.47) 



4(5 



3 - 7 Let 6 = 0. Then 



From equations (3.4.43), it follows that 



2 

4(6 2 + 5) 

V 6 (5 + 6 2 ) 2 + 2;y 



/-A 

2 

w 



23 —23 2 

5-c- 2 * 5-C + 4* (1 -)c = 

2*5 3 2 * 5 3 5 3 



(3.4.44) 



96 \ 
125/ 



c = 



c = follows from the equation (3.4.40). e'\ = e'| = follows from the equation (3.4.42). Therefore, e'\ ^ is arbitrary; without 



loss of generality, we assume 



W 

In subsection 3.4.1, we proved that relation of orthogonality of vectors and e' 3 is symmetric. So, the order of vectors e' 2 , e' 3 
in the basis is not important. Since we considered the basis e' in the subsection 3.4.1, we do not consider the case b = in this 
subsection. 
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Let 

(3.4.48) 
Then 



4{b 2 + 5) 
(5 + 6 2 ) 2 + 2 



(3.4.49) e' 3 
Vectors e' 2 , e' 3 have similar coordinates. 3 ' 8 According to equations (3.4.36), (3.4.38), (3.4.49), 



f-l\ 

2 

\d) 



(3.4.53) 



5(4) 



/ 88 + 46d 2 + 6d 4 -23 + Ad 2 + 3d 4 -22d-6d 3 \ 
(5 + d?f 2(5 + d 2 ) 3 (5 + d 2 ) 3 

, -2 + 6d 2 -lld + d 3 



\ 



(5 + d 2 ) 3 (5 + d 2 ) 3 

-6d 2 + 10 
+ (5 + rf 2 ) 3 / 

Since vectors e' 2 , e' 3 have similar coordinates, then vector e'i is not orthogonal to vector e' 3 . 
Since 

F 2 (e[) = 1 

then the length of the vector 



—a —i 

e 1 = e 1 



equal 1. Since 



F'(t 2 ) = (-iy + 2 z + b 2 + 





v°y 

(-1) 3 2 



The condition 



(3.4.50) 



(-l) 2 + 2 2 + 6 2 



d = b 



= 5 + b 2 - 



5 + b 2 



means equality of vectors e' 3 , e' 3 . However from equations (3.4.48), (3.4.50), it follows that 



(3.4.51) 

Since 

(3.4.52) 

then the equation (3.4.50) is impossible. 



b 2 + 5: 



4(fc 2 + 5) 
(5 + 6 2 ) 2 +2 



(5 + ft 2 ) 2 + 2 



< 1 
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then the length of the vector 



( / 5 + b 2 \ 

V (5 + 6 2 ) 2 -2 



5 + b 2 



{5 + b 2 ) 2 -2 



5 + b 2 



{5 + b 2 ) 2 -2 



b 2 



equal 1. Since 



F 2 {e' 3 ) = {-l) 2 + 2 2 + d 2 + 



V V (5 + fe 2 ) 2 -2 j 
(-1) 3 2 



(-l) 2 + 2 2 + d 2 



5 + d z 



5 + d 2 



then the length of the vector 



( / 5 + d 2 \ 



5 + d 2 



{5 + d 2 ) 2 -2 



Y (5 + d 2 ) 2 -2 

, / 5 + d 2 
*V (5 + d 2 ) 2 -2 

/ 5 + d 2 
V I/ (5 + d 2 ) 2 -2 J 



equal 1. Therefore, the basis e" is orthonormal basis. 
Let 



(3.4.54) 



(3.4.55) 



fb 



fd = 



5 + b 2 



{5 + b 2 ) 2 -2 

1 5 + d 2 
(5 + d 2 ) 2 -2 



There is passive transformation between bases e" and e 







(l 


-/& 


-/d N 


(3.4.56) 


(e'{ A 4') = (ei e 2 e 3 ) 





2/6 


2/ d 








6/a 


rf/d j 



Theorem 3.4.5. Consider Minkowski space with the Finslerian metric defined by equation (3.4.1). Let 
vector v has coordinates 



(3.4.57) 



H 

2a 

w 
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Coordinates of g(v) have form 



(3.4.58) 



.„ a 6 + 46a 4 7 2 + 6a 2 7 4 

au(«)=i ( 5 a2 + 7 2)3 

-23a 6 + 4a 4 7 2 + 3a 2 7 4 



gi2{v) 
9is{v) 
522 (u) 

523 («) 



= 1 



2(5a 2 + 7 2 ) 3 
-22a 5 7 - 6a 3 7 3 

(5a 2 +7 2 ) 3 
-2a 6 + 6a 4 7 2 



2\3 



— 11a 7 + a 7 



(5a 2 + 7 2 ) 3 



933(v) = 1 + 



6aV + 10a b 
(5a 2 + 7 2 ) 3 



Proof. According to the theorem 3.4.1 and the equation (3.4.57), 

6(-a)(2a) 3 7 2 + 3(-a)2a 7 4 

911{V) = 1 + (5a 2 +7 2 ) 3 

3(-a)(2a) 5 - (-a) 3 (2a) 3 - (-a) 3 2a 7 2 



(3.4.59) 



+ - 



(5a 2 +7 2 ) 3 
-48a 4 7 2 - 6a 2 7 4 - 96a 6 + 8a 6 + 2a 4 7 2 



gi2(v) = 



gi3(v) 



522 (v) = 1 + 



(5a 2 + 7 2 ) 3 
3(-a) 4 (2a) 2 +2(-a) 4 7 2 

(5a 2 +7 2 ) 3 
l a 6 -3(-a) 2 (2a) 4 + 3(-a) 2 7 4 

2 (5a 2 + 7 2 ) 3 

(-a) 4 2a 7 - 3(-a) 2 (2a) 3 7 - 3(-a) 2 2a 7 3 

(5a 2 + 7 2 ) 3 
2a 5 7 - 24a 5 7 - 6a 3 7 3 

(5a 2 +7 2 ) 3 
(-a) 3 (2a) 3 - 3(-a) 5 2a - 3(-a) 3 2a 7 2 



(5a 2 + 7 2S > 3 

v 6 i i R^.4„,2 



1 



-8a b + 6a 6 + 6aV 



523 (v) ■ 



(5a 2 + 7 2 ) 3 
3(-a) 3 (2a) 2 7 - (-a) 5 7 - (-a) 3 7 3 



2)3 



-12a 5 7 + a 5 7 + a 3 7 



533 (v)= 1 + 



(5a 2 + 7 2 ) 3 
3(-a) 3 2a 7 2 - (-a) 5 2a - (-a) 3 (2a) 3 



(5a 2 +7 2 ) 3 

Equations (3.4.58) follows from equations (3.4.59). 

Theorem 3.4.6. Coordinates of metric tensor relative to the basis e" have form 



(3.4.60) 



5 (ej 



1 











o / fc 2 (3+& 2 ) hm+bd) 

\0 fbfd(3 + bd) / 2 (3 + cP) J 



□ 
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g"{n) 
( 



88 + 466 2 + 66 4 
(5 + b 2 f 

(6 2 + 3)(6 2 +4) 



1 



(5 + 6 2 ) 2 



fb 



(& 2 + 3)(b 2 + 4) 
(5 + 6 2 ) 2 

1 



fb 





f-fe 4 - &^ + 10 


id 


^ (5 + 6 2 ) 2 

88 + 246 2 ^ 


(5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2)y 




/ / al.'2 , in\ 



\ 

9"(e'i) 

( 



b i -b 2 + 10 

(5 + 6 2 ) 2 
88 + 245 2 

(5 + fr 2 ) 2 ((5 + b 2 ) 2 + 2) 



1 



d 2 



(5 + 6 2 ) 3 
50+1106 2 + 126 4 

(5 + 6 2 ) 3 

646 2 , 2 

(5 + b 2 ) 2 ((5 + fr 2 ) 2 + 2)J ^ | / 



88 + 46d 2 + 6d 4 
(5 + d 2 f 



fb -1 + 



9d 2 + 35 



(5 + d 2 ) 2 
8(ll + 3ri 2 )(5 + fr 2 ) 

(5 + rf 2 ) 3 ((5 + & 2 ) 2 + 2) 



fb -1 



9d 2 + 35 



(5 + d 2 ) 2 
8(ll + 3rf 2 )(5 + fr 2 ) 
(5 + rf 2 ) 3 ((5 + b 2 ) 2 + 2; 



, / / -6cF+ 10\ , 

50+ HOrf 2 + 12rf 4 

(5 + d 2 ) 3 
64rf 2 (5 + 6 2 ) 

+ (5 + rf 2 ) 3 ((5 + 6 2 ) 2 + 2) 



(rf 2 + 3)(rf 2 + 4) 
(5 + d 2 ) 2 



fd 



(d 2 + 3)(d 2 +4) 
(5 + d 2 ) 2 



fd 



fbfd 



* |1 



(5 + rf 2 ) 2 
2 



(5 + rf 2 )' 
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PROOF. From equations (2.5.3), (3.4.18), (3.4.56), it follows that 

gn(e'{) = 1 

9ll (e'{)Al+g 12 (e'!)Al = 
gil {e'{)A\A\ + 2g l2 {e>{)A\Al 
+g 22 (e'{)A 2 2 A 2 2 +g 33 (e1)AlAl 
= fi-2fi + 4fi + b 2 fi = fi(3 + b^) 
g^M) = gn{e'{)AlA\ + g l2 {e>{)A\Al + g^{)A\A\ 
+g 22 (e'{)AlAl+g 3S (e>{)A 3 2 Al 

= (-fb)(-fd) + \{-h)Vd + \zhi-fd) + Afbfd + bf b df d 

= f b f d (3 + bd) 
g'Ue'l) = gn{e'{)A\A\ + 2g 12 {t{)A\Al 
+g 22 (e1)AUl+g a3 (e1)MAl 
= / d 2 -2/ 2 + 4/J + d 2 /J = / 2 (3 + d 2 ) 
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The equation (3.4.60) follows from (3.4.63). From equations (2.5.3), (3.4.38), (3.4.56), it follows that 

- 466 2 + 66 4 



9li W) = 5ii(4') = i- 

9Wi) = + gu(&)A2 + 3i 3 (e 2 ')Al 

88 + 466 2 



1 - 
-1 



(5 + 6 2 ) 3 
65 + 2 86 2 + 36 



66 4 \ , -23 + 46 2 

\-h) + 



36 4 



(5 + 6 2 ) 3 



-1 



-6 4 - 76 2 - 12 



2(5 + 6 2 ) 3 
36 2 + 13 

(5 + 6 2 ) 2 



2/h 



(6 2 + 3)(6 2 +4) f 
fh ~ (5 + 6 2 ) 2 h 



-226 - 6b 3 
(5 + 6 2 ) 3 



bfb 



(5 + 6 2 ) 2 

sM) = 9ii <&)A\ + .9i 2 (e£) A 2 + ffisO^M 
so ,. 46^2 



1 - 

-1 - 
= ( -1 + 



(5 + 6 2 ) 3 
65 + 506 2 + 96 4 



66 4 \ . . , -23 + 46 2 



36 4 



22 + 66 2 



2(5 + 6 2 ) 3 



2/d 



4(5 + 6 2 ) 



-1 



(5 + 6 2 ) 3 (5 + 6 2 ) 3 

65 + 506 2 + 96 4 22 + 66 2 

(5 + 6 2 ) 3 (5 + 6 2 ) 3 V(5 + 6 2 ) 2 + 2 

175 + 806 2 + 96 4 22 + 66 2 4(5 + b 2 ) 

(5 + 6 2 ) 3 (5 + 6 2 ) 3 (5 + 6 2 ) 2 + 2 

96 2 + 35 22 + 66 2 4 



-226- 66 3 
(5 + 6 2 ) 3 



4fd 



(5 + 6 2 ) 2 (5 + 6 2 ) 2 (5 + 6 2 ) 2 + 2 
6 4 - 6 2 + 10 88 + 246 2 



fd 



\ (5 + 6 2 ) 2 (5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2) 
9Un) = 9ii{e'i)A\A\ + 2g 12 {e'±)A\A 2 + 2g^)A\A\ 

+g 22 {e'±)A 2 A 2 + 2g 23 {e'i)A 2 A\ + g 33 (^)A 3 A 3 
i + 46b 2 + 6i 



fd 



1 



(5 + 6 2 ) 3 
23 + 46 2 + 36 4 
+2 2(5 + ^)3 (^) 2 /fc 

+2^#(-/ b )6/ b 



(-/&)(-/&) 



(5 + 6 2 ) 3 
+ 2^S2/ b 6/ b 



(5 + 6 2 ) 3 
(5 + 6 2 - 2 



1 



-2 + 66 2 

f (5 + 6 2 ) 3 
66 2 + 10 x 

(5 + 6 2 ) 3 



2/ b 2/ b 



62 _ 2 25 + 106 2 + 6 4 )/ ^ i 



bf b bf b 



(5 + 6 2 ) s 
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9'iM) = m{e'i)A\A\ + g 12 {e'i)A\Al + g^)A\A\ 
+ gi ^A\Al+g^{e^A\Al 

+g 22 (e>l)A 2 2 A 2 3 + 92z^)A\A% + g^)A\A\ + 9 s 3 (e^A 3 2 A 3 3 
1 (5 + 62)3 ) 

23 + 46 2 + 36\ -23 + 46 2 + 36 4 , 

/&)2/ d H — (-; d )zfb 



2(5 + 6 2 ) 3 v Ja 2(5 + 6 2 ) 3 
-226 -6b 3 , -226 -66% 

" (5 + 6 2 )3 (-fbWd + (5 + 62)3 (-/^ 

-2 + 66 2 \ -116 + 6 3 

1+ (5W) 2 ^ + (5W 2/A 



( 5 + 6 2 ) 3 ^^^ V (5 + 6 2 ) 3 

;,2 i /i l4 



(3 4 65^ U , ^ 50 + 306 2 + 46 4 \ 10 + 26 2 

( } = ( 5 + 6rf ( 5 + 6 2 ) 3 ) + WTW Mfbfd 

4(5 + 6 2 ) 50 + 306 2 + 46 4 



(5 + 6 2 ) 2 + 2 (5 + 6 2 ) 3 



(5 + 6 2 ) 2 W5 + b 2 ) 2 + 2 

4(5 + 6 2 ) 50 + 306 2 + 46 4 1 



(5 + 6 2 ) 2 + 2 (5 + 6 2 ) 3 (5 + 6 2 )' 

8 \ 

Jbjd 



(5 + 6 2 )((5 + 6 2 ) 2 + 2) 

4(5 + 6 2 ) 100 + 406 2 + 46 4 

(5 + 6 2 ) 2 + 2 (5 + 6 2 ) 3 

8 



(5 + 6 2 )((5 + 6 2 ) 2 + 2) 
4(5 + 6 2 ) 4 



hf, 



d 



(5 + 6 2 ) 2 + 2 5 + 6 2 (5 + 6 2 ) ((5 + 6 2 ) 2 + 2), 



hfd = 
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9%M) = 9ii(e'i)A\Al + 2g 12 {e'i)A\Al + 2« ?13 (e 2 ')^I 

+ 922 {e'i)AlAl + 2 523 (^)^!^1 + 9^A%A% 
88 + 466 2 + 6b 4 \ 

1 (5 + ^)3 J (-/-)(-/«») 

-23 + 46 2 + 36 4 
— 2(5 + 6 2 ) 3 l - W 2 « 

-6fc 2 + 10\ 2 50 + 30b 2 + 126 4 



5 + 1 + — — =W~- d z - 



(3.4.66) V V (5 + 6 2 ) 3 J (5 + 6 2 ) 3 



166 3 d 
(5 + 6 2 ) 3 



-6fc 2 + 10\ l2 50 + 306 2 + 126 4 
5 + 1 + — TTTwi d 2 



(5 + 6 2 ) 3 J (5 + 6 2 ) 3 

166 2 ' / 4(5 + b 2 ) 



(5 + 5 2 ) 3 V(5 + 6 2 ) 2 + 2 



-5))/ d 2 



-66 2 + 10 \ 2 50 + 306 2 + 126 4 806 2 



(5 + 6 2 ) 3 ) (5 + 6 2 ) 3 (5 + 6 2 ) 3 

64b 2 \ 2 

(5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2) y ' Jd 

6fe 2 + 10\ 2 50 + llOfe 2 + 126 4 646 2 \ 2 

d 75 ; S\a h 7FTT2TT77c~TT7T2 — T~oT •/ <* 



(5 + 6 2 ) 3 y (5 + 6 2 ) 3 (5 + & 2 ) 2 ((5 + 6 2 ) 2 + 2), 
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The equation (3.4.61) follows from (3.4.64), (3.4.65), (3.4.66). From equations (2.5.3), (3.4.53), (3.4.56), it 
follows that 

88 + 46d 2 + 6d 4 

0ii(e3) = 5ii(e 3 ) = 1 - 



gun) 



(5 + d 2 ) 3 

9ll (e'i)Al+g 12 (eZ)A 2 2 +g 13 (e>i)Al 




- 46d 2 + 6d 4 

(5 + d 2 ) 3 
65 + 50d 2 + 9d 4 

(5 + d 2 ) 3 
65 + 50d 2 + 9d 4 

(5 + d 2 ) 3 
175 + 80d 2 + 9d 4 



(-ft) + 



-23 + 4d 2 + 3d 4 



22 + 6d 2 

(5 + d 2 ) 3 
22 + 6d 2 



2(5 + d 2 )= 



2/6 



-22d - 6d 3 . 
(5 + d 2 ) 3 



-6/6 



4(5 + 6 2 



<?i' 3 (4') 



(5 + d 2 ) 3 V(5 + & 2 ) 2 + 2 
8(ll + 3d 2 )(5 + 6 2 ) 

(5 + d 2 ) 3 (5 + d 2 ) 3 ((5 + 6 2 ) 2 +2) 

9d 2 + 35 _ 8(ll + 3d 2 )(5 + fr 2 ) \ 

(5 + d 2 ) 2 ~~ (5 + d 2 ) 3 ((5 + 6 2 ) 2 + 2) J /b 

gii(^)Al+g 12 (e>i)Al+g ls (e%)Al 

AM 2 + 6d 4 \ , , s -23 + 4d 2 + 3d 4 



= 11- 



(5 + d 2 ) 3 
22d- 6d 3 „ 



(5 + d 2 ) 3 

/ 65 + 28d 2 + 3d 4 
= -14 



(3.4.67) < 



(5 + d 2 ) 3 
-d 4 -7d 2 -12 



(-/<0 + 



fd = -1 



2(5 + d 2 ) 3 

3d 2 + 13 
' (5 + d 2 ) 2 



fd 



fd 



(d 2 + 3)(d 2 +4) 



fd 



(5 + d 2 ) 2 y'" 1 (5 + d 2 ) 2 

flM) = 9ii{n)A\A\ + 2g 12 {e'i)A\A 2 + 2g 13 (^)A 2 A 3 

+g 22 {e'i)AlAl + 2g 23 (e^)A 2 A 3 + g 33 {e' 3 ')A 3 A 3 
88 + 46d 2 + 6d 4 ^ 



1 



(5 + d 2 ) 3 

: 23 ^ 3< V /6)2/6 



(-/6)(-/6) 



2(5 + d 2 ) 3 
-22d-6d 3 , 

+2 (5 + d 2 ) 3 
-2^±£ 2/fc&/fc 



6d^ 



(5 + d 2 ) 3 



1 



(5 + d 2 ) 3 
6d 2 + 10 



15 

5 



1 + 
1 + 
1 + 



-6d 2 + 10 

(5 + d 2 ) 3 
-6d 2 + 10 

(5 + d 2 ) 3 
-6d 2 + 10 



b 2 - 
b 2 - 



(5 + d 2 ) 3 
50 + 30d 2 + 12d 4 



2/ h 2/ b 
bhbf b 



16d 2 



(5 + d 2 ) 3 



50 + 30d 2 + 12d 4 

(5 + d 2 ) 3 
50 + 30d 2 + 12d 4 



(5 + d 2 ) 3 
16d 2 



(5 + d 2 ) 3 
64d 2 (5 + 6 2 ) 

(5 + d 2 ) 3 ((5 + 6 2 ) 2 + 2) 
' -6d 2 + 10\ L . 

(5 + d 2 ) 3 



(5 + d 2 ) 3 



ft 



50+ 110d 2 + 12d 4 



(5 + d 2 ) 3 



bd j ft 

_ f 4(5 + b 2 ) 
(5 + d 2 ) 3 \{5 + b 2 ) 2 + 2 
80d 2 

(5 + d 2 ) 3 

64d 2 (5 + 6 2 ) 
h (5 + d 2 ) 3 ((5 + & 2 ) 2 + 2) 



- 5 
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(3.4.68) 



+g 13 (e^AlAl+g 13 (e^AlAl 



= 1- 



+g 22 (e'^A 2 A 2 + g 23 {e'i)A 2 Al + g 2 z{e>i)A 2 Al + ff 33 (eMA§ 
88 + 46d 2 + 6d 4 \ , ,,, . , 
(5 + d 2 ) 3 J (-/*)(-/*) 
-23 + 4^ + 3^ -23 + 4ri 2 + 3rf 4 

+ 2(5 + d 2 ) 3 1 2(5 + d 2 ) 3 1 /dj J " 

-22d-6d 3 -22rf-6rf% 

{-fb)dfd + , , 2 -o {-fd)bfb 



(5 + d 2 ) 3 

-2 + 6d 2 

+ 1 



(5 + d 2 ) 3 

-llrf + d 3 
H — ^r- — T^r^JdOjb 



(5 + d 2 ) 3 

rf 3 

2/ fc 2/ d + ———2f b df d 



(5 + d 2 ) 3 



6d 



1 



(5 + d 2 ) 3 
-6d 2 + 10' 

(5 + d 2 ) 3 



30 + 30<i 2 +4d 4 \ 10 + 2d 2 
(5 + d 2 ) 3 ' 



(5 + d 2 ) 3 



M fbfd 



50 + 30rf 2 +4d 4 4(5 + 6 2 ) 2(5 + tf 2 ) f 4(5 + & 2 ) 

(5 + d 2 ) 3 
50 + 30d 2 + 4tf 4 



4 (5 + b 2 

(5 + d 2 ) 3 ^ (5 + 5 2 ) 2 + 2 
50 + 30d 2 + 4d 4 4(5 + b 2 ) 



(5 + 6 2 ) 2 + 2 (5 + d 2 ) 3 V(5 + fo 2 ) 2 + 2 



4 (5 + b 2 ) 



(5 + d 2 ) 2 V(5 + 6 2 ) 2 + 2 
10 8(5 + 6 2 ) 



fbfd 
fbfd 



(5 + fe 2 ) 2 + 2 (5 + d 2 ) 2 (5 + d 2 ) 2 ((5 + 6 2 ) 2 + 2) 



+ 



4(5 + 6 2 



(5 + d 2 ) 3 
50 + 30rf 2 + 4rf 4 10(5 + d 2 

(5 + d 2 ) 3 (5 + d 2 ) 3 ' (5 + 6 2 ) 2 + 2 

100 + 40d 2 + 4d 4 4(5 + b 2 ) (, 2 

(5 + d 2 ) 3 + (5 + 6 2 ) 2 + 
4(5 + d 2 ) 2 4(5 + b 2 ) 



1 



(5 + d 2 ) 5 



(5 + d 2 ) 2 

fbfd 



fbfd 



(5 + d 2 ) 3 
4 



(5 + & 2 ) 2 + 2 
4(5 + b 2 ) 



(5 + rf 2 ) 2 (5 + 6 2 ) 2 + 2 



(5 + rf 2 ) 2 
2 

(5 + d 2 ) 2 



fbfd 
fbfd 



9Un) = 9u(T%)A\A\ + 2g 12 {e'[)A\Al + 2 gi3 ^)MM 
+g 22 {e'i)A 2 A 2 + 2. 923 (e 3 'M§A 3 + gnVD^Ul 



= 1- 



88 + 46d 2 + 6d 4 



(5 + d 2 ) 3 
-23 + 4^+3d* . 
+2 2(5 + d 2 ) 3 (_/d)2/d 
-22d-6d 3 



(-fd)(-fd) 



6d" 



(5 + d 2 ) 3 



1 



(5+d 2 ) 3 
6d 2 + 10' 




(5 + d 2 ) 3 



ft = 5 



2/d2/ d 
dfddfd 
-d 2 - 



2 2(5 + d 2 ) 2 



(5 + d 2 ) 3 



/ d 2 



The equation (3.4.62) follows from (3.4.67), (3.4/ 
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COROLLARY 3.4.7. Relative to the basis e" defined by the equation (3.4.56), the matrix (2.3.9) corresponding 
to the Finslerian metric F 2 defined by equation (3.4.1) has form 

( 1 

(6 2 + 3)(6 2 +4) 



(3.4.69) 



(5 + 6 2 ) 2 

(rf 2 + 3)(rf 2 + 4) 
(5 + d 2 ) 2 








□ 



3.4.3. Example of motion in Minkowski Space of Dimension 3. 

Theorem 3.4.8. Consider Minkowski space with the Finslerian metric defined by equation (3.4.1). 
According to construction in subsection 3.4-1, the basis e.\ defined by the equation (3.4.28), 



(3.4.70) 



ei-i ei.2 ei. 3 I — I e\ e 2 e 3 



ei.fc = e Y . k ei 



1 



2 







23 



/ 



(3.4.71) 

is orthonormal basis. 

According to construction in subsection 3.4-2, the basis e.2 defined by the equation (3.4.28), 

A -h -fd\ 

(3.4.72) (e %1 e 2 . 2 e 2 . 3 ) = (ei e 2 e 3 



2f b 2f d 
\0 bf b df d J 



C-2-k — e 2-k e i 



(3.4.73) 

is orthonormal basis. 

Consider the motion A mapping the basis e\ into the basis e.2 

(3.4.74) e 2 .l = A i j eJ k 
Let the motion A maps the basis e 2 into the basis e 3 

(3.4.75) e 3 .l = A)e 2 .{ 
The basis e 3 is not orthonormal basis. 

Proof. From the equation (3.4.74), it follows that 



(3.4.76) 



A\ = 



-1 k 



j — e 2-k e l -j 



3.4. Example 2 of Minkowski Space of Dimension 3 



From the equation (3.4.70), it follows that 
(3.4.77) 



-l 



A 





1 



1 /23 

From equations (3.4.72), (3.4.76), (3.4.77), it follows that 







(l 


-fb 


-/^ 


A 


1 

2 


o\ 


(3.4.78) 


A = 





2/ 6 


2/ d 








1 






1° 


6/ 6 




v° 


1 /23 

2vy 





1 - 



From equations (3.4.72), (3.4.78), (3.4.75), it follows that 



fd 



— 76 
2/6 

6/ b y 



/ 1 1, /23 \ 



e3 = 



(3.4.79) 



2/6 

6/6 y 

















, , /23 , , 2 \ 
-Jbfd\j y - 6/ b 



^1 -/& -/^ 
2/ 6 2/ d 
v 6/ 6 rf/d y 



2/6/ d yf + 26/ 6 2 

K df b f d ^m+b 2 n 



-Jd\l y - «/fc/d 



2fj ] J^ + 2df b f d 
df d \^- + bdf b f d 



J J 



Let 

(3.4.80) 

Then 

(3.4.81) 



^23 



" = /&/dy -=- + 6/& 2 7 = dftfd] 
V 5 

P = fd 



e3-2 



rf/h/d 


p = 


/23 








2a 


e3.3 = 


2/3 


^y 




w 



- 6 2 /6 2 



bdf b fd 



Since the subsequent calculations are very complicated, then in order to get an answer for the specific value 
of a, we designed application on C#. Calculations are based on the theorem 3.4.5 and equations (3.4.48), 
(3.4.54), (3.4.55), (3.4.80). The theorem follows from calculations considered in examples 3.4.9, 3.4.10. □ 
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Example 3.4.9. Let b = 1. Then 

d = -4.3684210526 f b = 0.4200840252 f d = 0.2041239040 



e3-2 



-0.3603821145 
0.7207642289 
^-0.6269323948^/ 



e3-3 



\ 



0.2852237394 
-0.5704474788 
^-0.7649717899^/ 



0.4543053517 0.0160337367 0.1351074203 
0.0160337367 1.031248994 0.0268266657 



^0.1351074203 0.0268266657 0.9842227918^ 
9ij(e 3 . 2 )e 3 .ie 3 .i = 0.0157973688 

Example 3.4.10. Let b = 100. Then 

d = -0.049996002 f b = 0.009997501 f d = 0.4661156563 



e3-2 



g(e 3 .2) = 



-0.019989571554 
0.0399791431 
0.9990005814 



e3-3 



-0.4657459676 
0.9314919353 
^-0.0465951802y 



0.9976047372 0.0005972998 -0.0000785154 
0.0005972998 1.000000956 0.0000079285 
-0.0000785154 0.0000079285 0.9999990446 
9ij(e3-2)e 3 .ie 3 .i = -0.000013181 



□ 



□ 



3.5. Example of Minkowski Space of Dimension 4 

We consider example of the Finslerian metric of Minkowski space of dimension 4 (considered metric is a 
special case of metric [12]- (3); we assume c = 1) 



f 2 {v) = -yy + (yy + yy + yy) i + 



(3.5.1) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 



= -yy + yy + yy + yy + . ... v ; . ,._ 

We can present the corresponding Minkowski space V as direct sum 

V = V 3 © R 

where V 3 is Minkowski Space considered in section 3.4. 
Let 



(3.5.2) 



ti2a„1 „,2 „,3 



[V 
,1\2 



0,2 



( W 1)3 W 2 



nyyy) = yy + yy + W + ( , 1)2+ y 2)2 + ( , 3) 



3.5. Example of Minkowski Space of Dimension 4 



(if 



Accordingly, we can present a function F 2 as sum 

(3.5.3) F 2 (v°,v\v 2 ,v 3 ) = F 2 (v\v 2 ,v 3 ) + F 2 (v°) 
Function F 2 is the Finslerian metric of Minkowski space considered in the section 3.4. 

Theorem 3.5.1. The function F 2 is continuous at (0,0,0) and can be extended by continuity 3 ^ 

(3.5.4) F|(0,0,0) = 
Proof. Since 

(v 1 ) 2 < (v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 
then it follows that ((v 1 , v 2 , v 3 ) ^ (0,0,0)) 

11 

(3-5.5) 075 ; /„.2\2 ; - 



From the inequality (3.5.5) and from the equation (3.5.2), it follows that ((v 1 ^ 2 ^ 3 ) (0,0,0)) 



(3.5.6) \F 2 (v\v 2 ,v 3 )\ < (v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 + 



(» 1 ) J + (fl J ) 8 + (ti 3 ) J + |«V| 



For given e > 0, let 5 = ——. Then from the inequality (3.5.6) and requirement 

\v 1 \<b~ \v 2 \<& \v 3 \<& 

it follows that {(v x ,v 2 ,v 3 ) ^ (0,0,0)) 



(3-5.7) I^V," 3 )! <l + i + l + i = e 



e e e e 

7+7+7+7 
4 4 4 4 

Therefore, the function F| is continuous at (0,0,0) and 

?2/-„,l „,2 „,3\ 



lim F^{v\v\v A ) = Q 

(v 1 , i> 2 , 1.3)^(0,0,0) 



3 '^The value of function at (0, 0, 0) is not good denned, since the expression involves the ratio of two infinitesimal. 



□ 



Theorem 3.5.2. 

(3.5.8) F 2 (a, 0,0,0) = F 2 {a) = -a 2 

Proof. The equation (3.5.8) follows from the equation (3.5.3) and the theorem 3.5.1. □ 
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3. Examples of Minkowski Space 



Theorem 3.5.3. The Finslerian metric F 2 defined by equation (3.5.1) generates metric tensor of Minkowski 
space 



(3.5.9) 

(3.5.10) 
(3.5.11) 
(3.5.12) 
(3.5.13) 
(3.5.14) 
(3.5.15) 



5oo {v) 



-1 



9u(v) = 1 - 



(u 1 ) 3 ^ 2 ) 3 + (v^v 2 ^ 3 ) 2 



312 (v) 
9i3(v) 

322 (w) 

g23{v) 

333 (v) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

6^2)3(^3)2 + 3^2)5 + 3^1^2^3)4 
(( V l)2 + ( W 2)2 + (,,3)2)3 

1 (v 1 ) 6 + G^ 1 ) 4 ^ 2 ) 2 - 3(^) 2 (z; 2 ) 4 + 4(i> 1 ) 4 (t; 3 ) 2 + Sjv 1 ) 2 ^ 3 ) 4 

2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

( W 1)4 W 2 W 3 _ 3^,1)2^2)3^3 _ 3^,1)2^2^3)3 



= 1 



((v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

(v 1 ) 3 ^ 2 ) 3 - 3(^)'V - a^ 1 ) 3 ^ 2 ^ 3 ) 2 



((^1)2 + ^2)2 + ^3)2)3 



^5„3 



(^1)3(^3)3 



= 1 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

3(^1)3^2^3)2 _ ( v l) 5u 2 _ ( w l)3( w 2)3 



(( w l)2 + ( w 2)2 + ( w 3)2)3 

Proof. Equations (3.5.10), (3.5.11), (3.5.12), (3.5.13), (3.5.14), (3.5.15) follow from the theorem 3.4.1 
and the equation (3.5.3). From the equation (3.5.3), it follows that 



(3.5.16) 



^ = 2F 3{v wy) aF *K yy) 



1,2,3 



From equations (2.2.2), (3.5.1), (3.5.16), it follows that 



(3.5.17) 



g Oj (v) = i = 1,2,3 



□ 



Theorem 3.5.4. Since vectors 



(3.5.18) 



ei 



\4j 



f'2 



p 1 

' 2 



e3 



\4j 



generate orthonormal basis of Minkowski space V3, then vectors 

M M M 



(3.5.19) 



ei 



el 
\elj 



('2 



(■:>> 



\elj 



eo 



\4j 



fl\ 






generate orthonormal basis of Minkowski space V . 



3.5. Example of Minkowski Space of Dimension 4 
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PROOF. According to the equation (3.5.3), since vectors a, b € V3 are orthogonal in Minkowski space 
V3, then these vectors are also orthogonal in Minkowski space V. Therefore, vectors ex, e 3 belong to 
orthonormal basis of Minkowski space V. From the theorem 3.5.3, it follows that 

9ki (ei)e* 4 = gfco (ei)e* = i = 1, 2, 3 

Therefore, vector e"o is orthogonal to vector e^, i = 1, 2, 3. According to the equation (3.5.8), 

F 2 (e ) = -1 

□ 
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Ahhotali,m^. OnHCJiepoBO npocTpaHCTBO - 3to flH4>4>epeHirHpyeivioe MHoroo6pa3He, pjis. Koxoporo npocTpaH- 
ctbo MnHKOBCKoro siBJiaeTCH cjioeM KacaTejibHoro paccjioeHira. ^jih Toro, mto6bi iiohhtb CTpoeHne cncTeivibi 
OTCHera b OnHCJiepOBOM npocTpaHCTBe, mm ^ojt^khm noHHTb CTpyKTypy opTOHOpMHpOBaHHoro 6a3nca b npo- 

CTpaHCTBe MuHKOBCKOrO. 

B CTaTte paccMOTpeHO onpeflejieHHe OpTOHOpMHpOBaHHoro 6a3nca b npocTpaHCTBe MnHKOBCKoro, CTpyK- 
Typa MeTpH^iecKoro TeH30pa othochtcjibho OpTOHOpMHpOBaHHoro 6a3Hca, npone^pa opToroiiajiH3aH,HH. JTh- 
HeftHoe npeo6pa30BaHHe npocTpaHCTBa MnHKOBCKoro OTo6pa;KaioiHee no KpanHen Mepe o^hh opTOHOpMnpo- 

BaHHMH 6a3HC B OpTOHOpMHpOBaHHBIH 6a3HC Ha3MBaeTCSI flBHJKeHHeM. MHOyKeCTBO flBHJKeHHH npocTpaHCTBa 

MaHKOBCKoro V nopo>K,ziaeT He nojiHyio rpynny SO(V) ,zreHCTByioiiryio OflHOTpaH3HTHBHO Ha MHoroo6pa3HH 

6a3HCOB. 

IlaccHBHoe npeo6pa30BaHHe npocTpaHCTBa Mhhkobckoto OTo6pa>Kaiomee no KpafiHefl Mepe o^hh opTOHOp- 
MHpOBaHHbiii 6a3HC b opTOHOpMHpOBaHHbin 6a3HC Ha3biBaeTCH KBa,3H/i,BHsceHHeM npocTpaHCTBa Mhhkobckoto. 
Mhojkcctbo naccHBHbix npeo6pa30BaHHH npocTpaHCTBa Mhhkobckoto nopo^c^aeT naccnBHoe npe^CTaBJieHne 
He nojiHOii rpynnbi SO(V) Ha MHoroo6pa3HH 6a3iicoB. Tax KaK napHbie npe^CTaBJieHHa (aKTiiBHoe h naccHB- 
Hoe) He nojiHoS rpynnbi SO(V) na MHoroo6pa3HH 6a3HCOB o,z],HOTpaH3HTHBHM, to mm mo^kcm pacciviOTpeTb 
onpe^ejieHne reoivieTpHMecKoro o6T.eKTa. 
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TjiaBa 1 

Ilpe^HCJioBHe 



1.1. CTpyKTypa MHoacecTBa flBHxeHHH npocTpaHCTBa Mhhkobckofo 

3ia KHHra nosBHjiacb b pe3yjibraTe coBMecTHOii pa6oTM aBTopoB Hafl HeKOToptiMii BonpocaMH, bo3hhkihh- 
mh b pe3yjibTaTe aHajiroa CTaTbii [8] . Ebkjih,h,obo npocTpaHCTBO HBjiaeTCH npeflejibHMM cjiynaeM npocTpaHCTBa 
MiiHKOBCKoro, Kor,n,a MeTpnnecKnn TeH3op He 3aBiiCHT ot HanpaBjiennH. O/niaKO, xoth MaTpnn,a MeTpnie- 
CKoro TeH3opa OTHOCiiTejibno opToroHajibHoro 6a3Hca eBKjiHflOBa npocTpaHCTBa /niaronajibna, aHajior (2.3.9) 
3toh MaTpnnbi b npocTpaHCTBe MiiHKOBCKoro HBjiaeTCH TpeyrojibHofi MaTpnneii. 3to yTBepjKfleHHe HBjraeTCH 
Kpaime HeyflOBjieTBopHTejibHbiM. 

IlocKOjibKy TeopeMa 2.3.8 He orpaHHHHBaeT 3HaneHHe sjieMeHTOB HiiJKHero TpeyrojibHiiKa MaTpnnbi (2.3.9), 
to mm flOJCKHbi flonycTHTb, hto 3to 3HaneHHe npoH3BOjibHO. 3to npuBOfliiT k yTBepjKfleHHio, hto MHoroo6pa3He 
6a3HCOB npocTpaHCTBa MnHKOBCKoro Sojibine neM MHoroo6pa3ne 6a3HCOB eBKjiiiflOBa npocTpaHCTBa. Kor^a 
mh 3aBepniHjiH pacneTbi k ceKnnn 3.1, mm noHHjin, hto xoth paccMaTpHBaeMoe 3naneHne Hen3BecTHO, ho He 

npOH3BOJIbHO. 

Bojiee cymecTBeHHon OKa3ajiacb BO3MO>KH0CTb ynpocTHTb ypaBHemie [8]-(4.3). YpaBHCHHe (2.4.8) Hano- 
MHHaeT aHajiorHHHoe ypaBHeHne pjin eBKjiHflOBa npocTpaHCTBa. H3 ypaBHeHHH (2.4.2) cjie^yeT, hto MaTpHii,a 
/jbidkchiih npocTpaHCTBa MnHKOBCKoro 6jiH3Ka k opToroHajibHofi MaTpnne. 

IIoCKOJIbKy MHOJKeCTBO SO(V) /IPjHJKeHHH npOCTpaHCTBa MHHKOBCKOrO pa3MepHOCTH n HBJIHeTCH nOflMHO- 

»cecTBOM rpynnbi GL{n) jinHeiiHbix npeo6pa30BaHHH, to mm MoaceM paccMaTpnBaTb nporaBefleHHe ^bhjkchhh . 
O^naKO MHOJKecTBO SO(V) He HBjiaeTCH 3aMKHyTMM OTHOCHTejibHO onepannn nponsBefleHHH. 1,1 ,3,pyrHMH cjio- 
b&mh, MHOscecTBO SO(V) HBjiHeTCH He nojiHoft rpynnofi. 1 ' 2 Cefinac Tpyznro cxa3aTb Kaxne (pH3nnecKne cjie/b- 
ctbhh MO»ceT HM6Tb 3to yTBep»c/i,eHHe. O/niaKO Tax KaK He nojiHaa rpynna SO(V) HMeeT oflHOTparaHTHBHoe 
npeflCTaBjieHne Ha MHoroo6pa3HH 6a3iicoB, n napHoe npe^,CTaBjieHHe TaKsce oflHOTpaH3HTHBHO, to mm mojkem 
paccMOTpeTb onpe,nejieHHe reoMeTpHnecKoro o6T>eKTa. 

1.2. H3MepeHHe yrjia 

B eBKjiH^OBOM npocTpaHCTBe cymecTByeT flBa cnoco6a H3MepeHHH yrjia. 

^'^Mbi ojKHflaeM CTaTBio, b kotopoh noKa>KeM, mto b npocTpaHCTBe MuHKOBCKoro c HopMoii (3.4.1) cymecTByiOT flBioKeHHH, 
npoH3BefleHHe kotopbix He HBjraeTCH flBiisceHiieM. 

He nojiHaa rpynna siBjiaeTCH MacTHBiM cjiynaeM He nojiHoii r2-anre6pBi. 

OnPEflEJiEHHE 1.1.1. Ecjih onepannn oj £ H onpeflejieHa He ftna bchkoto KopTe^Ka sjieivieHTOB MHO>KecTBa A, to Ha MHOjKecTBe 
A onpe^ejieHa CTpyKTypa He nojiHofi f2-ajire6pi>i. □ 

HanpnMep, nycTb Ha MHO»cecTBe A onpesejieHO acconnaTHBHoe npon3BefleHHe, HMeiomee o6paTHBift sjienieHT n e/niHnny. Tbkhm 
o6pa30M, .zljth jno6oro a £ A cymecTByeT b £ A, rjih kotopbix onpe^ejieHO npoH3Be^,eHHe ab. OflHaKO cymecTByiOT a, b 6 A, ^jih 
kotopbix npoH3Be^,enne Heonpe^ejieHHO. Tor^a MHO^KecTBe A Ha3BiBaeTC5i He nojiHofi rpynnofi. 
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G 



1. ripeflHCJIOBHC 



PaccMOTpHM yroji, o6pa30BaHHBm jiynaMH a h b, KOTopBie hmgiot o6m,yio KOHenHyio TOHKy Ha3BiBaeMyio 
BepniHHOfl: yrjia. 




PaccMOTpHM eflmffliHHH Kpyr c n,eHTpoM b BepniHHe yrjia. Mbi MOxeM onpeflejinTB BejiHHHHy yrjia KaK fljiHHy 
Ayrn, 3aKjiiOHeHHOH MeiK^y jiynaMH a Tib. 3tot m^tor H3MepeHHn yrjia HcnojiB3yeTcn b pa3jninHBix o6jiacTnx 
fleaTejibHOCTH nejiOBeKa, BKjnoHaii acTpoHOMHio (pa3fle.ii [1]-1 .9) . 

Korfla mbi BBinojiHaeM aHajinTnnecKne bbihhcjichhh HaM yn,o6Hee onpe^ejiaTB Kocimyc yrjia, onnpaacB Ha 
CKajispHoe npoH3Be,ii;eHHa BeKTopoB, napajijiejiBHBix jiynaM a h b. Mbi npeflnojiaraeM, hto H3MepeHHH BBinoji- 
HeHBi b nceB/1,0 eBKjinflOBOM npocTpaHCTBe, iyje CKajiapHoe npoiiSBefleHiie ciiMMeTpnnHO. ITosTOMy pe3yjiBTaTBi 
paccMOTpeHHBix MeTOflOB H3MepeHHH coBna^aiOT. 

Ha6jiK),n,aTejiB mcckst BBi6paTB npon3BOjiBHBiH MeTOfl H3MepeHHn HHTepBajiOB fljniHBi h BpeMeHH. Oflna- 
ko fljia Toro, hto6bi o^hh Ha6jno r i];aTe.jiB Mor coo6ihhtb pe3yjiBTaTBi H3MepeHHii flpyroMy naGjiioflaTejuo, ohh 

flOJIJKHBI flOrOBOpilTBCH 06 STajIOHaX flJIHHBI H BpeMCHH. 

IlosTOMy Ka>KflBift Ha6jno,n;aTejib BBi6npaeT cboh 6a3HC TaKHM o6pa30M, hto fljiHHa BeKTopoB 6a3Hca paBHa 
fljiHHe 3TajiOHa. CooTBeTCTByioinHH 6a3HC mbi 6y^eM Ha3BiBaTB HopMajiBHBiM. KajK,n,OMy 6a3iicy conyTCTByeT 
KOopflHHaTHaa ciiCTeMa, nocTpoeHHaa tjikhm o6pa30M, hto KOop/niHaTa x l tohkh Ha och KOop/nmaT X 1 paBHa 
paccTOHHHio ot Hanajia KOop/niHaT. B eBKjin/ipBOM hjih nceB,n,oeBKjiHflOBOM npocTpaHCTBe mbi OTOJKflecTBjiaeM 
KajKflyio TOHKy c pa/niyc BeKTopoM stoh tohkh. ^jiHHa 3Toro BeKTopa HBjiaeTCii paccTOHHneM ot Hanajia 
KOopflHHaT pp paccMaTpHBaeMofi tohkh. KBa/i,paT ,h;jihhbi 3Toro BCKTopa aBjiaeTca KBaflpaTiinHon cpopMoii 
KOopflHHaT. B cjiynae eBKjnmoBa npocTpaHCTBa 3Ta KBaflpaTHHHaa cpopMa nojiojKHTejiBHO onpe^ejieHa. 

Ha6jno,n,aTejib MexsceT BBi6paTB npon3BOjiBHBiH HopMajiBHBiii 6a3HC. CooTBeTCTBeHHO, KBaflpaTHHHaa (pop- 
Ma, onpeflejiaiomaH MCTpiiKy, mojkct iimgtb npoii3BOjiBHBiH BHfl. OflHaKO mbi mojkcm jno6yio KBa/ipaTHHHyio 
(popMy npHBecTii k KanoHHiecKOMy BHfly ([3], c. 169 - 172). CooTBeTCTByioiHiiH 6a3HC hbjisctch opToroHajiBHBiM 

6a3IICOM. OpTOrOHajIBHBIII HOpMajIBHBIII 6a3HC Ha3BIBaeTCH OpTOHOpMHpOBaHHBIM 6a3HCOM. 

TaKHM o6pa30M, fljia H3MepeHHH npocTpaHCTBeHHBix h bpcmchhbix HHTepBajiOB Ha6jno,zi,aTe.iiB nojiB3yeTcn 

OpTOHOpMHpOBaHHBIM 6a3HCOM. 13 

B npocTpaHCTBe MnHKOBCKoro MeTpHnecKHii TeH3op He HBjiaeTCH KBaflpaTiiHHOii (popMOii. IIosTOMy npo- 
ne,zrypa SKcnepHMeHTajiBHoro onpeflejieHHH MeTpnKH pjw 3a,a;aHHoro 6a3nca HBjiaeTCH 6ojiee cjiojkhoh saflaneii. 
BbinojiKHH H3MepeHHe paccTOHHHa b pa3HBix HanpaBjieHiiax, mbi mojkcm nocTpoiiTB aHajior g^ehh^hoe cepepBi 
b eBKjiiiflOBOM npocTpaHCTBe, a hmchho noBepxHOCTB 

\F(v)\ = l 

KOTopaa Ha3BiBaeTCH nn/niKaTpncoH. B CTaTBe [10], AcaHOB paccMOTpeji, KaK onnpaacB na onpeflejieHHBie 
(pnsHHecKHe rnnoTe3Bi, mojkho onpe^ejiHTB cpopMy cpHHCjiepoBoii mctphkh. 

CoraacHO 3aMeHaHHio 2.2.4, CKajiapHoe npon3Be/i,eHHe b npocTpaHCTBe Mhhkobckoto HeKOMMyTaTHBHO. 
IIoaTOMy KOCHHyc yrjia 3aBHCHT ot HanpaBjieHiiH H3MepeHiiH. CjieflOBaTejiBHO, b npocTpaHCTBe MiiHKOBCKoro 
pe3yjiBTaTBi paccMOTpeHHBix BBinie MeTOflOB H3MepeHiiH He coBnaflaiOT. CooTBeTCTBeHHO, mbi MO»ceM paccMOT- 
peTB flBa pa3jiHnHBix onpeflejieHHH opTOHopMiipoBaHHoro 6a3nca. 

CoraacHO [15], bcktop w opToroHajieH BeKTopy zJ, ecjin BeKTop W KacaTejieH rHnepnoBepxHOCTii 

(1.2.1) F 2 (x) = F 2 {v) 

'^3tot mar b paccy^c^eHHH Ka^eTCH HejiorHMHbiM. HaSjiio^aH CBo6o,ii;Hoe flBH^ceHHe TBep,n;oro Tejia h OTBJieKasci> ot chji 
TpeHnsi, rajimieii OTKpbiBaeT 3aKOH HHepu,iin. Kor^a mbi nepexo^HM ot njiocKoro k HCKpHBJieHHOMy npocTpaHCTBy, 6CT6Ctb6hho 
BMecTO flBH^eHHa no npaMOH npe^nojio^cHTB flBic-KeHHe no reoflesn^ecKon. Ho TaK^ce KaK npHHurm JlarpaH^Ka, Tpe6oBaHne 
opTOHOpMnpoBaHHOCTH He BBiTeKaeT Henocpe^CTBeHHO H3 SKcnepnivieHTa. Teivi 6ojiee Ka?K6TCs yflHBHTejiBHBiivi, mto 3KcnepnivieHT 
no^TBepyK^aeT 3Ty TOMKy 3peHHH. 



1.3. H3MCpCHHC CKOpOCTH CBCTa 
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roMOTeTHHHOii HHjxiiKaTpHce. H3 paBeHCTBa (2.2.9) cjiejjyeT, hto BeKTop w, KacaTejibHbiii rnnepnoBepxHOCTH 

(1.2.1) , ynoBjieTBopaeT ypaBHeHHio 

(1.2.2) g ij (v)v i w j =0 

H3 3aMenaHHH 2.2.4 cjiejxyeT, hto BeKTop w opToroHajieH BeKTopy v, ecjni CKajrapHoe npoH3Be,a,eHHe 

v ■ W = 

B 3toh CTaTte mh paccMaTpHBaeM onpejrejieHHe 2.3.2 opToroHajibHoro 6a3Hca, ocHOBaHHoe Ha onpejxejieHHii 
(1.2.2) opToroHajibHOcra. 

0,n,HaKO B03MO?KHbi ii jrpyrne onpeflejieHHH opToroHajibHOCTii, Hanpimep [11, 13]. 

1.3. H3MepeHHe ckopocth CBeTa 

Ha6jno,n,aTejib b o6meii Teopiiii OTHOCiiTejibHOCTH nojib3yeTCH jiOKajibHbiM 6a3HCOM b KacaTejibHOM npo- 
CTpancTBG, KOTopoe hbjihctch npocTpaHCTBOM co6bithh cneiniajibHOH Teopiiii OTHOCHTejibHOCTH. IlosTOMy ne- 
pexo/i, Ha6jiioflaTejiH ot ojxHoro jiOKajibHoro 6a3iica k flpyroMy mojkho oniicaTb npeo6pa30BaHiieM JlopeHna. 

Korjia reoMGTpiiH npocTpaHCTBa co6biTiiii MeHSBTCH HacTOjibKO, hto npeo6pa30BaHiie 6a3Hca Mensiei cboio 
CTpyKTypy, HeKOTopbie aBTopbi BOcnpiiHiiMaiOT sto H3MeHeHiie KaK HapynieHiie HHBapnaHTHOCTii JlopeHna 
([14]). Ecjih mh BHflHM b 3KcnepiiMeHTe , hto ecTb OTKjiOHGHiie b CTpyKType npeo6pa30BaHHH JlopeHna, TO 
9to HBjiaeTCH apryMeHTOM b nojib3y Toro, hto mm jrojixaibi paccMaTpiiBaTb HOByio reoMeTpnio. OjxHaKO ec- 
jih HOBaa reoMeTpiia BepHa, mbi He flOjBKHbi orpamiHiiBaTb ce6a HHBapHaHTHOCTbio JlopeHna. Hania 3ajiaHa - 
noHHTb KaKyio ajire6py nopojKjraiOT npeo6pa30BaHHH hoboh reoMeTpHH h KaK sto bjiiihct Ha npHHinin HHBa- 

pHaHTHOCTH. 

0,n,HaKO cymecTByeT jxpyraH KOHHenniiH HapyineHHe iiHBapnaHTHOCTH JlopeHna. 3Ta KOHnenniiH CBasaHa c 
3aBHCHMOCTbio ckopocth CBeTa ot HanpaBjieHHH ([12], c. 7, [13], c. 12). 3TajiOHbi fljniHbi h BpeMeHH h cxopocTb 
CBeTa Hepa3pbiBHO CBH3aHbi b Teopnn OTHOCHTejibHOCTH. Ecjih mh 3HaeM jjBa H3 sthx napaMeTpoB, mm mojkem 
onpeflejiHTb TpeTHii. Bbi6op reoMeTpHH TaioKe Baa:eH jjjih onpejrejieHHH 3aBHCHM0CTH Me^Kjxy paccMaTpHBae- 
MbiMii napaMeTpaMii. 

Cbct pacnpocTpaHHeTca b cpHHCjiepoBOM npocTpaHCTBe. OflHaxo, TaK KaK onepainiH onpeflejieHHH CKopo- 
cth - jiOKajibnaa onepaniiH, to mm mojkcm paccMOTpeTb 3Ty onepannio b npocTpaHCTBe MiiHKOBCKoro. Mbi 
nojiaraeM, hto bcktop eo HBjiaeTCsi BpeMeHHno P no6HbiM BeKTopoM, a ocTajibHbie BeKTopbi 6a3nca hbjijhotch 
npocTpaHCTBeHHono/i,o6HbiMii BeKTopaMii . 

^JIH TOrO, HT06bI II3MepHTb CKOpOCTb CBeTa, Mbi JTpJBKHbl npejXnOJIOJKHTb, HTO HaM 3aflaHbI 3TajIOHbI JJJIHHbl 

11 BpeMeHii. IlycTb (pimcjiepoBa MeTpHKa npocTpaHCTBa co6mthh HMeeT bhjj, ([12]-(3)) 

(1.3.1) F 2 (v) = -c 2 (v°) 2 + Fi(v\v 2 ,v 3 ) 

rjre c - K03(p(pHii,HeHT, CBH3biBaiOHi,Hii 3TajiOHbi fljiHHbi h BpeMeHH, h F 2 - nojiojKHTejibHO onpeflejieHHaH (pHHCJie- 
poBa MeTpHKa 3-MepHoro npocTpaHCTBa. HTo6bi H3MepHTb CKopocTb CBeTa b HanpaBjieHHH b npocTpaHCTBe 
(v 1 ,^ 2 ,?; 3 ) , Ha6jnojiaTejib OTKjiaflbmaeT b 3ajjaHHOM HanpaBjieHHH OTpe30K, jijiHHa KOToporo paBHa STajiOHy 
jijniHbi 

F 3 (v\v 2 ,v 3 ) = 1 

h onpe^ejiHeT BpeMH jxBHsceHHH CBeTOBoro curnajia. IlocKOJibKy BeKTop pacnpocTpaneHHH CBeTa hbjihctch 
H30TponHbiM, to H3 paBeHCTBa (1.3.1) cjieflyeT 

(1.3.2) -c 2 (v°) 2 + Fi(v\v 2 ,v 3 ) = Q 
fljia jno6oro Bbi6paHHoro HanpaBjiemiH b npocTpaHCTBe (v , v 2 , v 3 ) 

(1.3.3) „« = = I 

c c 

CjieflOBaTejibHO, BpeMH pacnpocTpaHemiH CBeTa v Ha 3ajiaHHoe paccToaHne He 3aBHCHT ot HanpaBjieHHH b 
npocTpaHCTBe. 
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1. ripeflHCJIOBHC 



CKopocTb CBeTa b paccMaTpHBaeMoii MO^ejiH He 3aBnciiT ot HanpaBjienHH h paBHa c. B npocTpancTBe 
OiiHCjiepa (pHHCjiepoBa MeTpuKa 3aBiiciiT ot tohkh MHoroo6pa3HH. IIosTOMy npoue,a,ypa H3MepeniiH ckopocth 
CBeTa flOjBKHa 6bitb BBinojiHeHa b 6ecKOHeHHO Majioit o6jiacTii. 

IlonbiTKa noHSTb, KaK B3aHMO,n,eHCTBHe sjieMeHTapHbix nacTHu, h KBaHTOBbix nojieii mojkct h3mchhtb reo- 
MeTpuK) npocTpaHCTBa co6bithh, sbjihctch oflHoit H3 npHHHH H3yneHHa (piiHCjiepoBOii reoMeTpiiH ([10, 12]). Be3 
coMHenHH, tojibko SKcnepnMeHT MoaceT noflTBepfliiTb, HBjiaeTCH jih reoMeTpna npocTpaHCTBa co6bithh cpiiHCjie- 
poBOii h 3aBHCiiT jih CKopocTb CBeTa ot HanpaBjieHHH. 1 ' 4 Hania 3a,a,aHa - Haft™ scpcpeKTHBHtift HHCTpyMeHT 
SKcnepHMeHTajibHofi npoBepKii xapaKTepa reoMeTpnn. 



OH3HKH npOBOflHT 3KCnGpiIMGHTE>I , npOBepfllOIHHe H30TpOnHOCTb CKOpOCTH CBeTa ([4, 5, 6]). 3aAaHa 3KCII6pHM6HTOB H&HTH 

npe^eji HapyineHun JIopeHu, nHBapnaHTHOCTii. 

^a^Ke ecjiH OKa^KeTCH, hto ckopoctb CBeTa 38,bhcht ot HanpaBjieHna, sto He npoTiiBopeMHT yTBep>KfleHHio, mto ckopoctb CBeTa 
b 3a^aHHOM HanpaBjieHHH - sto MaKCiiMajiBHaa ckopoctb nepe^aMii curHajia b 3a^aHHOM HanpaBjieHHH. 



TjiaBa 2 

IlpOCTpaHCTBO MHHKOBCKOrO 

2.1. OflHopo^HaH 4>yHKn;HH 

B stovl CTaTte mm 6yn,eM paccMaTpHBaTb BeKTopHoe npocTpancTBO Hafl nojieM fleftcTBHTejibHMx nnceji R. 

OnPEflEJTEHHE 2.1.1. ITycTb V - BGKTopHoe npocTpancTBO. QynKiniH fix), x <G V, Ha3biBaeTCH o,h,ho- 
po^Haa weneHH k, ecjin 

/(as) = a k f(x) 

a 

Teopema 2.1.2 (Teopeivia 3iijiepa). OynKuuti f(x), odnopodnan cmenenu k, ydoejiemeopsiem dutfjifiepeH- 
v,uaAbHOMy ypaenenuw 

(2.1.1) °M x < = km 

,3,0k A3ATEJibCTBO. Ilpo^,H(p(pepeHn,iipyeM paBeHCTBO (2.1.1) no a 

(2 - L2) = 

CorjiacHO npaBnjiy /nicpcpepeHinipoBaHiiH no nacTHM, mm hmgcm 

(2 13) dfjax) = df(ax) dax 1 = dfjax) ^ 

da dax 1 da dax 1 

Ha paBeHCTB (2.1.2), (2.1.3) cjie^yeT 

(2.1.4) W&j = ha ^ m 

oax 

PaBencTBO (2.1.1) cjie^yeT H3 paBeHCTBa (2.1.4) ecjin nojiojKHTb a = 1. □ 

_ df(x) 
Teopema 2.1.3. Ecau fix) - (fynKuuK, odnopodHaji cmenenu k, mo nacmnue npou3eodnue — i fie- 

Ajnomcji diyHKUjUMMU, odnopodnuMU cmenenu k — 1 . 
flOKA3ATEJlbCTBO. PacCMOTpHM paBeHCTBO 21 

(2.1.5) f(ax) = a k f(x) 
Ilpo,znicp<pepeHinipyeM paBeHCTBO (2.1.5) no x l 

H3 paBeHCTBa (2.1.6) cjie^yeT 

(2 17) 9f(ax) _ a fc_ x df(x) 

dx l dx l 



^AHajiornHHoe flOKasaTejiBCTBO cmotph b [17], c. 265. 
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10 2. IlpOCTpaHCTBO MliHKOBCKOrO 

df(x) 

CjieflOBaTejibHO, npoH3BO/nrbie . sbjihiotch o,zi,hopo#hi>imh cjjyHKiniHMii CTenetm k — 1. □ 

ox 1 

Ecjih OTo6pa»ceHHe 

/ : -R-> R 

o^HopoflHO CTeneiiH 0, to f(x) = const. B o6m;eM cjiynae, mm MO»ceM tojibko yTBepjK^aTb, hto 

f(fx) = f(x) teR 

Mbi 6yfleM TaKsce roBopHTb, hto OTo6pa>KeHHe / iioctohhho b HanpaBjieniiii x. 

2.2. OnHCJiepoBO npocTpaHCTBO 

OnpeflejieHHH b stom pa3/i,ejie flaHbi no aHajiornn c onpe/iejieHHHMH b [12]. 

OnPEflEJiEHHE 2.2.1. BeKTopHoe npocTpaHCTBO V Ha3biBaeTCH npocTpaHCTBOM MnHKOBCKoro, 2 2 ecjin 
b BGKTopHOM npocTpaHCTBG V onpeflejieHa (pHHCJiepoBa CTpyKTypa 

F:V ^ R 

TaKaa, HTO 

2.2.1.1: OnHCJiepoBa MeipHKa F 2 He o&raaTejibHO nojioxcHTejibHO onpeflejiena 2 ' 3 
2.2.1.2: OyHKiina F(x) o^HopoflHa CTenenn 1 

(2.2.1) F(ax) = aF{x) a>0 

2.2.1.3: IlycTb e - 6a3iic BeKTopHoro npocTpaHCTBa A. Koop/pmaTbi MeTpHHecKoro TeH3opa 

1 d 2 F 2 (v) 

nopojKflaiOT HeBbipojKfleHHyio CHMMeTpnnHyio MaTpnny. □ 
IlycTb V, W - npocTpaHCTBa MiiHKOBCKoro o/niHaKOBOii pa3MepHOCTii. IlycTb 

/ : F -> W 

HeBbipojKflennoe jniHennoe OTo6pa*;eHHe. Mbi npnMeM 3a o6m;ee npaBnjio ([2], c. 176), hto ecjin 

F v (v)=F^(f(v)) 

jih6o 

F v (v) = -F^(f(v))_ 

r^e Fy - (pHHCJiepoBa CTpyKTypa b npocTpaHCTBe MiiHKOBCKoro V, Fw - <p HHCJie P OBa CTpyKTypa b npocTpaH- 
CTBe MiiHKOBCKoro W, to mbi He 6yp<SM cooTBeTCTByiomne reoMeTpnn CHHTaTb cynrecTBeHHO pa3jinHin>iMii ii 
6yn;eM H3ynaTb jinnib o^Hy H3 hhx. B nacTHOCTH, ecjin F(v) < ^jih jnoGoro BeKTopa v, to He Hapyniaa 
o6m,nocTH mm MOJKeM paccMaTpHBaTb (pHiicjiepoBy CTpyKTypy 

F'(v) = -F(v) 

BMeCTO (pHHCJiepOBOII CTpyKTypbi F. 



2 2 51 paccMOTpeji onpeflejiemie npocTpaHCTBa Muhkobckoto corjiacHO onpeflejiemiio b [15], c. 28 - 32, [16], c. 44. Xots stot Tep- 

MI1H Bi>I3BIBaeT HeKOTOpBie aCCOITIiarjHIl CO Cneu,HajIbHOH Teopiieft OTHOCHTejlBHOCTH, o6bI t IHO H3 KOHTeKCTa 3CHO O KaKOH reoMeTpHH 

2 "^3to Tpe6oBaHHe CBS3atio c T6M, hto mbi pacciviaTpHBaeM npujiojKeHHa b o6iu;eH Teopnn OTHOCHTe jibhocth . 



2.2. QllHCJICpOBO npocTpaHCTBO 
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OnPEflEJiEHHE 2.2.2. Ecjih F(v) — 0, to BeKTop v Ha3biBaeTCH H30TponHBiM . Ecjih F 2 (v) < 0, 
to BeKTop v Ha3biBaeTCH BpeMeHHno,a;o6HbiM. B stom cjrynae, F(v) MHiiMoe nojiojKHTejibHoe hhcjio. Ecjih 
F 2 (v) > 0, to BeKTop v Ha3biBaeTCH npocTpaHCTBeHHoncyjoGHbiM. B stom cjrynae, F(y) fleitcTBHTejibHoe 
nojiojKHTejibHoe hhcjio. □ 

OnPEflEJiEHHE 2.2.3. fljia npoH3BOjibHoro BGKTopa v €V, F(v) ^ 0, BeKTop 

1 



\F(v)\ 

Ha3bIBaeTCa eflHHHHHHM BeKTOpOM □ 

3amehahhe 2.2.4. CorjiacHO onpeflejieHHio (2.2.2), MeTpHnecKHii Teraop 3aBiiciiT ot BeKTopa v. BiosTOMy 
CKajiapHoe npoH3Beji,eHHe, onpeflejieHHoe paBeHCTBOM 

v ■ w = gij(v)v l w :> 

BOo6me roBopH, HeKOMMyTaTiiBHO. □ 
IIycTi> e - 6a3HC npocTpaHCTBa MiiHKOBCKoro . nocKOjibKy BeKTop v HMeeT pa3jiojKeHiie 

v = V l €i 

OTHOCHTejibHO 6a3Hca e, to OTo6pa:*ceHHe F mojkho TaKsce npeflCTaBiiTb b BHjj,e 

F{v\...,v n ) = F{v) 

TEOPEMA 2.2.5. 0uncAepoea cmpyKmypa npocmpancmea Muhkobckozo ydoeAemeopjiem ducp'cp'epeH'UAiaJi'b- 
hum ypaeneHUHM 

(2.2.3) ^ = F(a) 

(2.2.4) ?4^=0 

(2.2.5) l ^/^ a'aP =F 2 {a) 

^OKA3ATEJibCTBO. PaBeHCTBO (2.2.3) cjiejxyeT H3 yTBep?Kjj,eHHH (2.2.1.2) onpeflejieHHH 2.2.1 h TeopeMbi 
2. CorjiacHO TeopeMe 2 
cjiejxyeT paBGHCTBO (2.2.4). 



dF(x) 

2.1.2. CorjiacHO TeopeMe 2.1.2 npoii3BOji,Haa: — - — — hbjihctch o^,hopoji,hoii (pyHKinieH CTeneHii 0, OTKyjia 

ox 1 



nocjieflOBaTejibHO flHcpcpepeHinipys (pyHKHino F 2 , Mbi nojiyrHM 24 

^M = 2F (S )^M 
ox 1 ox 1 

1 dF 2 (x) dF(x) dF(x) d 2 F{x) 



^ 2 ' 2 ' 6 ^ 2dx 3 dx i dxi dx l + F ^ ) dx'dx i 
Hs paBeHCTB (2.2.3), (2.2.4), (2.2.6) amyryeT 

(2 ,. 7) ' = + F(,)§m< . 

2 ox 3 ox 1 ox 3 ox 1 ox 3 ox 1 ox 3 

H3 paBeHCTBa (2.2.7) cjiejryeT 

PaBeHCTBO (2.2.5) cjiejxyeT H3 paBeHCTB (2.2.3), (2.2.8). □ 



2.4 



cm. TaK»ce [15], c. 24. 
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2. IlpOCTpaHCTBO MllHKOBCKOrO 



(2.2.10) %ffi«* = 



TEOPEMA 2.2.6. 

(2.2.9) gij(vyv j =F 2 {v) 

,3,0k A3ATEJlbCTBO. PaBeHCTBO (2.2.9) HBjiaeTCH cjie^CTBHeM prbchctb (2.2.2), (2.2.5). □ 

Teopema 2.2.7. MempunecKuu meH3op gij{a) fieAsiemcfi odnopodHou tfoyHKi^ueu cmenenu u ydoeAemeo- 
psiem ypaeneHuto 

c 

da k 

,H,OKA3ATEJlbCTBO. H3 yTBepjKfleHHH (2.2.1.2) onpe,nejieHHH 2.2.1 cjie^yeT, hto OTo6pa»ceHHe F 2 (v) ofl- 
HopoflHO CTenenH 2. Ife TeopeMbi 2.1.3 cjie^yeT, hto cpyHKinis: 

dF 2 (x) 
dx l 

o,n,HopoflHa CTenenii 1. H3 TeopeMbi 2.1.3 h onpeflejieHHa (2.2.2) cjieflyeT, hto cpyHKHira gij(x) o^,Hopo/i,Ha 
CTeneHH 0. PaBeHCTBO (2.2.10) cjie,zryeT H3 TeopeMbi 2.1.2. □ 

3amehahhe 2.2.8. KaK OTMeTHji Pyim b [15] Ha c. 35, Temop 



Cijk{a) 



d 9ij (a) _ 1 d 3 F 2 (a) 



v>cy ' da k 2da k da*da? 
ciiMMeTpiiHeH no BceM HH^eKcaM. Ero KOMnoHeHTbi hbjisiotcs: o/nropo/nibiMH (pyHKiniHMH CTeneHii — 1 h ynp- 
BjieTBopsiOT cjieflyiomiiM ypaBHeroiHM 

C ijk (a)a k = C k ij(a)a k = C ikj (a)a k = 



(2.2.11) 



dCkjjja) ^ k _ dC ikj (a) nk _ dC l]k {a) ^ k _ n 
da h da h da* 

Teopema 2.2.9. Ilycmb Koopdunamu meH3opa g onpedeAenu omnocumeAbHo 6a3uca e. Tozda 

dgij(a) 



□ 



= 

a=ei 



da 1 

^OKA3ATEJlbCTBO. PaBeHCTBO (2.2.11) HBjiaeTCH cjie^CTBHeM paBeHCTBa (2.2.10), t&k k&k e™ = 5™. □ 
PaccMOTpHM 6ecKOHenHO Majioe npeo6pa30BaHHe 

a =a + da 

Toiyja KOopfliiHaTbi MeTpHnecKoro Teroopa ncnbiTbiBaeT 6ecKOHe T iHO Majioe npeo6pa30BaHiie 
(2.2.12) gij @ )=gij( a ) + <^M da k 

OnPEflEJTEHHE 2.2.10. Mnoroo6pa3He M Ha3biBaeTCH cpHHCJiepoBMM npocTpaHCTBOM, ecjm ero k&- 
caTejibHoe npocTpaHCTBO hbjijhotch npocTpaHCTBOM Mhhkobckoto h (pHHCjiepoBa CTpyKTypa F(x,v) Henpe- 

pblBHO 3aBHCHT OT TOHKH KaCaHHS X € M . □ 

3amehahhe 2.2.11. CjieflCTBHeM Toro, ^ito (pHHCjiepoBa CTpyKTypa b KacaTejibHOM npocTpancTBe Henpe- 

pblBHO 3aBHCHT OT TOHKH KaCaHHH, HBJiaeTCH B03MO}KHOCTb OnpeflejieHHH flHCpCpepeHHIiajia flJIHHbl KpiIBOH Ha 

MHoroo6pa3HH 

dl = \F(x,dx)\ 

06biHHO cnepBa onpeflejiHiOT cpHHCjiepoBO npocTpaHCTBO, a noTOM paccMaTpHBaiOT KacaTejibHoe k HeMy npo- 
CTpaHCTBO Mhhkobckoto. Ha caMOM ^ejie nopHflOK onpeflejieHiift HecymecTBeHeH. B stoh CTaTbe, ochobhbim 
o6"beKTOM HCCjieflOBaHHH HBjiHeTCH npocTpaHCTBO Mhhkobckoto. □ 



2.3. OpTOrOHaJIbHOCTb 
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2.3. OpToroHajibHOCTt 

KaK OTMeTHji PyH/i, b [15], c. 47, cymecTByiOT pa3jiHHHbie onpeflejieHHH TpHroHOMeTpiinecKHx (pyHKHHii b 
npocTpaHCTBe MHHKOBCKoro. Hac HHTepecyeT npejK,n,e Bcero noHHTHe opToroHajibHOCTH. 

OnPEflEJiEHHE 2.3.1. BeKTop opToroHajieH BeKTopy vi, ecjiH 

ffij(«iK?4 = 

□ 

KaK Mbi bh/him H3 onpe/i,ejieHHH 2.3.1, OTHOineHHe opToroHajibHOCTH HeKOMMy TaTiiBHO . 3to yTBepjKfleHHe 
HMeeT cjieflyromee cjieflCTBHe. riycTb n - pa3MepHOCTb npocTpaHCTBa MiiHKOBCKoro V. MHOJKecTBO BeKTopoB 
v, opToroHajibHbix BGKTopy a, ynpBjieTBopseT jiHHeitaoMy ypaBHeHino 

g t j(a)a l v j = 

H, CJieflOBaTejIBHO, flBJiafiTCfl BeKTOpHMM npOCTpaHCTBOM pa3MepHOCTH 71—1. MHOJKeCTBO BeKTOpOB V, KOTOpbIM 

BeKTop a opToronajieH, ynoBjieTBopaeT ypaBneHiiio 

.g 4i (TJ)vV = 

3to MHOJKecTBO, BOo6me roBopa, He HBjiaeTCH BeKTopubiM npOCTpaHCTBOM. 

OnPEflEJiEHHE 2.3.2. Mhojkcctbo BeKTopoB e\, .... e p Ha3biBaeTCH opToroHajibHbiM, ecjiH 

(2.3.1) ^ 

gij{e k )e l k e\= k<l 

Ba3iic e Ha3biBaeTca: opToroHajibHbiM, ecjiH ero BeKTopbi cpopMiipyiOT opToroHajitHoe mho jkcctbo . □ 

OnPEflEJiEHHE 2.3.3. Ba3HC e Ha3bmaeTca opTOHopMHpoBaHHbiM, ecjiH sto opToroHajibHbiii 6a3HC h 
ero BeKTopbi iimciot efliiHH^iHyio ^jiHHy. □ 

IIocKOjibKy OTHonieHHe opToroHajibHOCTH HeKOMMy TaTHBHO, to Ba»ceH nopHflOK BeKTopoB npn onpeflejieHHH 
opToronajibHoro 6a3nca. CymecTByiOT pa3jiHHHbie npoue/rypbi opToroHajiH3au,Hii b npocTpaHCTBe Mhhkobcko- 
ro, HanpnMep, [18], c. 39. Hnsce mh paccMOTpHM npone/rypy opToroHajiH3an,HH, npe,n,jio»:eHHyio b [3], c. 213 - 
214. 

Teopema 2.3.4. Ilycmb e\, e p - opmozoHajibHoe MHowcecmeo ne u3omponHux eenmopoe. Tozda 
eeKmopu e\, e p AUHeuno neaaeucuMU. 

^],OKA3ATEJIbCTBO. PaCCMOTpHM paBeHCTBO 

(2.3.2) aiei + ... + a p e p = 
Ha paBeHCTBa (2.3.2) cjie^yeT 

(2.3.3) aiffij (eijelej + ... + a p gij(ei)e\e 3 p = 
ilocKOjibKy BeKTop ei He H30TponeH, to 

(2.3.4) gijie^elei^O 

H3 ycjiOBHft (2.3.1), (2.3.4) h paBeHCTBa (2.3.3) cjie/ryeT a\ = 0. 

Ecjih mbi flOKa3ajiH, hto a 1 = ... = a m = 0, to paBeHCTBO (2.3.2) npHMeT bh,h, 

(2.3.5) dmfim + ■•• + a pZp = 
H3 paBeHCTBa (2.3.5) cjiepyei 

(2.3.6) a m gij(e m )e l m e J m + ... + a p gij(e m )e l m e p = 
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IToCKOJIbKy BGKTOp B m He H30TpOneH, TO 

(2.3.7) 9ij^mY m 4n f 

H3 ycjiOBiiii (2.3.1), (2.3.7) h paBencTBa (2.3.6) cne,zryeT a m = 0. □ 

TEOPEMA 2.3.5. B npocmpancmee Muhkobckozo c noAocucumeAbno onpedejieHHoii cfiuHCJiepoeou MempuKoil 
cymficmeyem opmoHopMupoeaHHUu 6a3uc. 

,HOKA3ATEJi£>CTBO. ITycTb n - pa3MepHOCTb npocTpaHCTBa Mhukobckoto. ITycTb e' - 6a3HC b npocTpaH- 

CTBe MHHKOBCKOrO . 
Mbi nOJIOJKHM 

ei = e[ 

floiryCTHM mm nocTpoiijiii MHOJKecTBO BeKTopoB ei, e m . ^[onojiHiiTejibHO npeflnojiojKHM, hto fljia 
BcaKoro i, 1 < i < m, BeKTop e, aBjiaeTCH jiHHeiiHOH KOM6iiHairneH BeKTopoB e' l5 .... e' m . 3to npe/HicuiojKeHiie 
6y^eT BbinojiHeHO h ^jih BeKTopa e m +i, ecjiH Mbi stot BeKTop npe^CTaBHM b BH^e 

e m +i = aiei + ... + a m e m + e' m+1 

e m+ i ^ 0, Tax KaK e' - 6a3HC, h bcktop e' m+1 He BxcyniT b pa3jiojKeHiie BeKTopoB e±, e m . ^jih Bbi6opa 
BeKTopa e m+ i Mbi noTpe6yeM, HTo6bi BeKTop e m+ i 6biji opToroHajieH BeKTopaM ei, e m . 

fl»i(ei)eie^ +1 = 

(2.3.8) 

ffij (e m )e m e^ 1+1 = 
CiiCTeMa jiHHeiiHbix ypaBHeniiii (2.3.8) HMeeT bh^ 

ai5y(ei)eiej = -fly(ei)ei e'^ +1 

aiSij (e 2 )e 2 ej + a 2 9ij (e 2 )e 2 e 2 = -g lj (e 2 )e 2 e'^ i+1 

^lfl'jj ( e m)e m e{ + a. 2 (?i :) (e m )e^ I e 2 + ... + a m gij(e m s )e m e : ! m ~ -~gij(e m )e m e m _|_i 
CjieflOBaTejibHO, penieHne chctcmh jiHHeirabix ypaBHeHHii (2.3.8) HMeeT bh,h 

flfe(ei)ei e'm+i 



ai = 



a-2 



gij(ei)e\e{ 
gij{e 2 )e l 2 e n m+1 + aig ij (e 2 )e\eP 1 



g l] (e 2 )e 2 e 2 

_ 9ij( e m) e m e rn+1 j[ Ylk=l a k9ij ( e m) e m e fc 
9ij\ e m)S- m e m 

Ilpo^ojiJKaH 3tot nponecc, mbi nojiyHHM opToroHajibHbift 6a3HC e. Mbi MoaceM HopMiipoBaTB BeKTopbi 
5a3Hca e coraacHO npaBHjiy 

E k = g iJ (ek)e l k e{ 
1 

ek -> 7= = efc 

fc = 1, n 
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□ 

PaccMOTpiiM npocTpaHCTBO MiiHKOBCKoro V pa3MepH0CTH n. nycTb cpHHCjiepoBa MeTpiiKa F 2 npocTpaH- 
CTBa MiiHKOBCKoro V He HBjiseTCH nojio>KHTejibHO onpejreHHOii. Mhojkcctbo npocTpaHCTBeHHono;xp6HBix BeK- 

TOpOB He HBJIHeTCH BeKTOpHBIM npOCTpaHCTBOM, OJTHaKO 3TO MHOJKfiCTBO COflepjKHT MaKCHMajIBHOe MHOJKeCTBO 
JIHHeHHO He3aBHCHMBIX BeKTOpOB 

1+ = (e+.i, -,e + . p ) 

TaKoe, hto jHo6aa jiHtiefiHaH KOM6nHaipiH sthx BeKTopoB hbjihctcji npocTpaHCTBeHHonoflo6HbiM BeKTopoM. 
MHOJKecTBO e' + HBjiaeTCH 6a3HCOM BeKTopnoro npocrpaHCTBa V + . Mhojkectbo BpeMeHHno,n,o6HBix BeKTopoB ne 

HBJIHeTCH BeKTOpHBIM npOCTpaHCTBOM, OJTHaKO 3TO MHOJKeCTBO COflepjKHT MaKCHMajIBHOe MHOJKeCTBO JIHHeHHO 
He3aBHCHMBIX BeKTOpOB 

f_ = (e_.i, ...,e_.g) 

TaKoe, hto jiio6aa: jmHeiraaH KOM6nHaipiH sthx BeKTopoB HBjiaeTCH BpeMeHHno^,o6HBiM BeKTopoM. Mhojkcctbo 
e'_ aBjiaeTCH 6a3HC0M BeKTopHoro npocTpaiiCTBa V-. Bbi6op mhojkbctb e' + , e'_, a Taioite bcktophbix npo- 
CTpaiiCTB V+, V '_ HeojTHOSHaieH. 

TEOPEMA 2.3.6. B npocmpancmee Muhkobckozo V+ c aiuncAepoeou cmpyKmypou F cyuificmeyem opmo- 
HopMupoeaHHuu 6a.3uc e+. Mnoofcecmeo eeKmopoe, opmoeoHCUibHUX eenmopaM 6a3uca e+, neAsiemcfi eeKmop- 
hum npocmpaHcmeoM pa3MepHocmu n — p. 

^],OKA3ATEJlbCTBO. CymecTBOBamie opTOHopMiipoBaiiHoro 6a3nca e+ b npocTpaHCTBe Mhhkobckofo V+ 
cjie^yeT H3 TeopeMBi 2.3.5. BeKTop v, opToroHajiBHBin BeKTopaM 6a3iica e+, yapBjieTBopHeT chctcmc jiHHeiiHBix 
ypaBHeHHH 

g ij {e + .i)e l + . l v : > = 
g l0 {e+. p )e\. p v : > = 

CjiejroBaTejiBHO, MHOxcecTBO BeKTopoB v nopoxjiaeT BeKTopnoe npocTpaHCTBO. □ 

TEOPEMA 2.3.7. B npocmpancmee Muhkobckozo V , ede qiuncAepoea MempuKa F 2 ne MeAHemcM noAO- 
MCumeAtHO onpedeAennoti, cymficmeyem opmonopMupoeannuu 6a3uc e, ecAU eunOAHeno odno u,3 CAedymmiix 
ycAoeuil 

2.3.7.1: QuncAepoeaM Mempuna F 2 npocmpancmea Muhkobckozo V UMeem eud 

F\v)=Fl(v 1 + ,...,v p + )-Fl(v 1 _,...,vl) 

ede F 2 , F 2 - noAoatcumeAbno onpedeAennue gjuncAepoeu MempuKU. MnoMcecmeo nepeMennux v\, 
v\, V_, v q _ pa36ueaem Mnootcecmeo Koopdunam v , v n eeKmopav na dea nenepeceKa- 
wujaixch MHOwcecmea. 

2.3.7.2: Gyuificmeyem eeKmopnoe npocmpancmeo V + maKoe, nmo eeKmopnoe npocmpancmeo ne codep- 

QKum v,3omponHux eeKmopoe 5 
2.3.7.3: Cyuificmeymm eeKmopnue npocmpaHcmea V+, V _ maKue, umo eepno CAedywuifie paeencmeo 

V- =vi 



Xoth OTo6pa»ceHHe F He siBJiaeTCH jiHHeftHbiM, mm 4>opMajii>HO MO?KeM onpe^ejiHTb mho^kcctbo ker F KaK mho^kcctbo H30Tpon- 
Hbix BeKTopoB. Tor^a ycjiOBne 2.3.7.2 mOvKho c4)opMyjiHpOBaTb KaK cjie^yiomee ycjiOBHe. CymecTByeT BeKTopHoe npocTpaHCTBO 
V+ TaKoe, MTO 

V± n ker F = 
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,H,OKA3ATEji£>CTBO. Ecjih BbinojiHeHO ycjiOBHe 2.3.7.1, to ecTecTBeHHO nojioxaiTB, hto p + q = n: b npo- 
tiibhom cjiynae, cymecTByeT H30TponHaa njiocKOCTt. 2,6 IIojiaraH 

vl = ... =v q _=0 

mm bh/him, hto BeKTopHoe npocTpaHCTBO V+ HMeeT pa3MepHOCTb p. ilojiaraa 

v\ = ... = v p + = 

mbi Bi/piM, hto BeKTopHoe npocTpaHCTBO V- HMeeT pa3MepHOCTb q. CorjiacHO TeopeMe 2.3.6, b npocTpaHCTBe 
MuHKOBCKoro V + c (pHHCjiepoBOii CTpyKTypoii F cymecTByeT opTOHopMiipoBaHHbifi 6a3iic e + h pa3MepHOCTb 
BeKTopHoro npocTpaHCTBa paBHa n — p = q. Cjie^OBaTejitHO, ycjiOBHe 2.3.7.1 HBjiaeTCH nacTHtiM cjiynaeM 
ycjiOBHH 2.3.7.3. 

IIpocTpaHCTBeHHonoflo6Hi>iH BeKTop He MOJKeT 6biTb BeKTopoM BeKTopnoro npocTpaHCTBa Vi. B npo- 
thbhom cjiynae, MHOxcecTBO e+ He aBjiaeTca MarcciiMajiBHtiM mhojkcctbom jiHHeftHO He3aBHCHMbix npocTpaH- 
CTBeHHonoflo6Hbiit BeKTopoB. Ecjih ycjiOBHe 2.3.7.2 BepHO, to BeKTopHoe npocTpaHCTBO co^ep>KHT tojibko 
BpeMeHHnoflo6Hbie BeKTopbi. CjieflOBaTejiBHO, ycjiOBHe 2.3.7.2 3KBHBajieHTHO ycjiOBino 2.3.7.3. 

PaccMOTpHM ycjiOBHe 2.3.7.3. ITycTb e+ - opTOHopMnpoBaHHtifi 6a3nc npocTpaHCTBa MuHKOBCKoro V+. 
IlycTb e_ - opTOHopMHpoBaHHBiii 6a3HC npocTpaHCTBa MnHKOBCKoro V-. CorjiacHO ycjiOBHe 2.3.7.3, KajKflBiH 



^'^HanpHMep, ecnn nepeMeHHaa v 1 He npHHa^jiejKHT MHO?KecTBy 



., V q _ TO JII060-H B6KTOp BH^a V 





w 

5IBJIHeTC5I H30TpOIIHbIM BCKTOpOM. 9tO IIpOTHBOp6HHT Tpe60BaHHIO 2.2.1.3 HCBblpOvK^eHHOCTH 4>HHCJiepOBOH MCTpHKH. 

OflHaKO BblpOJKfleHHOCTb Cj^HHCJiepOBOH M6TpHKH Heo6i53aTeJlBHO CJie^eT H3 CymeCTBOBaHHH H30Tp0nH0H nJlOCKOCTH. B nceBflo- 
eBKJIHflOBOM npOCTpaHCTBe C MeTpHKOH 

7-2/-\ _ /„.1\2 /„,2x2 1 /„.3\2 /„,4\2 



BeKTOpbl 







(0) 


1 









Z2 = 









1 


w 







5IBJIHIOTC5I H30TpOnHBIMH BCKTOpaMH. BeKTOp 
TaiOKe 5IBJ15ieTCH H30TpOnHbIM BeKTOpOM. OflHaKO BeKTOpbl 



e+.i 



nOpO^KflaiOT B6KTOpHOe npOCTpaHCTBO V-f, a BeKTOpbl 



M 




(°) 












e+-2 = 









1 


w 




w 



1 








w 



nopo^KflaiOT BeKTopHoe npocTpaHCTBO V - 
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BeKTop 6a3Hca e_ opToroHajieH BceM BeKTopaM 6a3iica e+. CorjiacHO onpe^ejieHHio 2.3.2, 6a3iic 

e = (e+.i, ...,e + . p ,e_.i,...,e_. g ) 

HBJIHeTCH OpTOrOHajIBHBIM 6a3HCOM. IIoCKOJIBKy KELHCflblH BCKTOp 6a3HCa e HBJIHeTCH eflllHHHHBIM BeKTOpOM, TO 

corjiacHO onpe,n,ejieHHio 2.3.3, 6a3nc e aBjiaeTCH opTOHopMiipoBatrabiM 6a3iicoM. □ 

TEOPEMA 2.3.8. Ilycmb e - opmcmopMupoeaHHUu 6a3uc npocmpancmea Muhkogckozo. Ecau mu 3anumeM 
KoopduHamu MempuuecKoso mensopa gijifik) omnocumeAbHO 6a3ucae e eude Mampuufii 

^gn(ei) ■•• ffin(ei)^ 

(2.3.9) 

\g n i{e n ) ... gnn(e n ) J 

mo Mampuvfi, (2.3.9) sieAfiemcsi mpeyzoAbHou Mampuufiu, duaeonaAbHue aAeMenmu Komopoti paenu 1 uau 
-1. 

^OKA3ATEJlbCTBO. Ecjih mm paccMOTpHM KOopflHHaTM 6a3iica e OTHOCHTejibHO 6a3Hca e, to e* = <5* . 
Ecjih bgktop 7=fc - BpeMeHi!no/];o6HbiH BeKTop, to, corjiacHO onpeflejieHiiHM 2.3.2, 2.3.3, 

9ij(^k)^k^i = _ 1 ~ BpeMeHHnO^,o6HBlfl BCKTOp 

(2.3.10) 9ij(^k)S k 5 k = 1 efc - BpcMGHHno/KiGHbiH BeKTop 

9ij(e k )Si5f = k < I 

H3 paBGHCTB (2.3.10) cjieflyeT 2 ' 7 

9kk(sk) =— 1 efe - BpeMeHiinofloGHtiH BeKTop 

9kk(Sk) = 1 6fc - BpeMeHIfflO,Ii;o6HMH BCKTOp 

gki(e.k) = fc < I 

CjieflOBaTejibHO, gkiifik) npoH3BOjibHO, ecjiH k > I. □ 

Ecjih b TeopeMe 2.3.5 ocjia6nTb Tpe6oBaHHe ii npeflnojiojKHTb npoH3BOjibHyio (pimcjiepoBy MeTpiiKy, to mm 
BCTpGTiiM cepi>e3Hyio npo6jieMy. Mhojkcctbo BeKTopoB e m +i , ynpBjieTBopaioiHHx ciiCTeMe jiiiHeHHbix ypaBHetiiiii 
(2.3.8), nopoacflaeT Be-KTopnoe npocTpaHCTBO V n -m pa3MepH0CTH n — m. Ecjih OTHOHiemie opToroHajibHOCTH 
CHMMeTpiiHiio, to CHCTGMa jiHiieiiiibix ypaBHeniiii (2.3.8) 3KBHBajieHTHa ciictcmc jiiiHeimbix ypaBHeHHH 

gij{e m+1 )el n+1 e{= 

(2.3.11) 

g lJ (e m+1 )e t m+1 e! n = 

H3 Tpe6oBaHiiH 2.2.1.3 HeBbipojKfleHHOCTii cpiiHCjiepoBoii MeTpnKH h paBe-HCTB (2.3.11) cjie/ryeT, hto cymecTByeT 
BeKTop 

(2-3.12) v£V n - m F(v)^0 



^'^OMeBH^HO, mto pa,B6HCTBO (2.3.10) HHHero He roBopiix o 3HaMeHHH Qij{e-k)i ecjiH i ^ k, j k, telk Kax Kos^c^iiuHeHT npn 
9ij\fik). B pacdviaTpHBaeiviofl cyMMe paBeH 0. Tax KaK g - chmmctphmhbih TeH3op, to 

9kl{ek) = 9ik(Pk) k < I 
ITpH 3tom, ecjiH k < /, to gkifek) — 0- O^HaKO, 3HaMeHne 9ik{^l) He onpe,n;ejieHO. 
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YTBepjKfleHHe (2.3.12) rapaHTiipyeT cjieflyioiHiiii inar npone/rypbi opToroHajiiraanini. B cjiynae npoH3BOjibHoii 
(pHHCjiepoBoii MeTpiiKii, mm He mojkcm rapaHTHpoBaTb, ^ito npone/rypa opToroHajiH3annH MoaceT 6biTb 3aBep- 
ineHa npii HanajibHOM Bbi6ope neKOToporo 6a3nca e', Tax KaK OHepe/nroH BeKTop OKa3ajica H30TponirbiM. 

3a,n,aHH Haxo:ac,n,eHHH opToroHajibHoro 6a3nca h npiiBe^eHHH KBa/ipaTHHHOH cpopMM k cyMMe KBajxpaTOB 
TecHO CBS3aHbi b reoMeTpiiii eBKjiHixpBa npocTpaHCTBa. B npocTpaHCTBe MiiHKOBCKoro, TeopeMa 2.3.8 ^ejiaeT 

HeB03MOJKHOII npHMeHHMOCTb ajirOpiITMa npilBefleHHH KBajTpaTHHHOH CpOpMM K KaHOHHHeCKOMy BHfly. 

2.4. flBH>KeHHe npocTpaHCTBa MnHKOBCKoro 

CTpyKTypa npocTpaHCTBa MiiHKOBCKoro 6jiH3Ka CTpyKType eBKjiiiflOBa npocTpaHCTBa. Abtomop<ph3m eB- 
KjiHflOBa npocTpaHCTBa Ha3MBaeTCH flBirsceHiieM. flBHJKCHHe eBKjiiiflOBa npocTpaHCTBa aBjiaeTca jiHaeiteuM 

npeo6pa30BaHHeM, OTo6pa>KaiOin,HM OpTOHOpMHpOBaHHMH 6a3HC B OpTOHOpMHpOBaHHMH. 

ABTOMopcpii3M npocTpaHCTBa MnHKOBCKoro Tax »ce Ha3tiBaeTCH flBHJKeHHeM. ^BHJKeHHe npocTpaHCTBa 
MiiHKOBCKoro sBjiaeTCH jiHHeftHbiM npeo6pa30BaHHeM. Ecjih ei, 3a - opTOHopMiipoBaHHbie 6a3ncbi, to cyme- 
CTByeT e/i,HHCTBeHHoe jiHHeiiHoe npeo6pa30BaHHe, OTo6pa»caioni,ee 6a3nc e\ b 6a3nc e 2 . O/nraKO H3 TeopeMbi 
3.4.8 cjie^yeT, hto MHoroo6pa3iie 6a3HCOB npocTpaHCTBa MnHKOBCKoro He 3aMKHyTO othochtcjibho jiHHeiiHO- 
ro npeo6pa30BaHHH. IIosTOMy mm jj,oji>khm ocjia6nTb Tpe6oBaHHH k onpe^ejieHHio jtbiokchhs: npocTpaHCTBa 
MnHKOBCKoro. 

OnPEflEJTEHHE 2.4.1. JlnHeitHoe npeo6pa30BaHiie npocTpaHCTBa MnHKOBCKoro OTo6pa;«aioinee no Kpafi- 
Heft Mepe oflHH opTOHopMnpoBaHHbin 6a3nc b opTOHopMiipoBaHHbiH 6a3nc Ha3biBaeTCH ^BHaceHHeM. □ 

IlycTb ^BicKeHiie A npocTpaHCTBa MnHKOBCKoro OTo6pajKaeT 6a3nc e\ b 6a3nc e 2 . IlycTb - MaTpnna 
KOopflimaT 6a3nca . Tor/ja cnpaBe,zrjiHBO paBencTBO 

e 2 = Aei 

TEOPEMA 2.4.2. Ilycmb deuwcenuc A npocmpancmea Muhkogckozo omo6paatcaem opmonopMupoeannuu 
6a3uc ei e opmonopMupoeannuu 6a3uc e 2 . Ilycmb deuatceHue B npocmpancmea Muhkobckozo omo6pawcaem 
opmonopMupoeannuu 6a3uc e 2 e opmonopMupoeannuu 6a3uc £3 . Tozda npou3eedenue deuoK-cnuu AB manmcc 
RGJinemcR deuatcenueM. 

^],OKA3ATEJIbCTBO. HocKOjibKy npoH3BejreHne jiHHeiiHbix npeo6pa30BaHiiii hbjihctch jinnenribiM npeo6- 
pa30BaHneM, to yTBep^Kflenne TeopeMbi cjieflyeT H3 onpejiejieHHH 2.4.1 h yTBepjKfleHna, hto jinneiiHoe npeo6- 
pa30BaHne AB OTo6pa»caeT opTOHopMHpoBaHHbifi 6a3nc ei b opTOHopMiipoBaHHbiH 6a3nc e.3. □ 

Teopema 2.4.3. Flycmb jiuneunoe npeo6pa3oeanue A neAncmcsi deumccnueM. Tozda Jiuneunoe npeo6pa- 
3oeanue A^ 1 siensiemcsi deuatcenueM. 

,HOKA3ATEJit>CTBO. IlycTb /TBHJKeHiie A npocTpaHCTBa Muhkobckoto OTo6pa»caeT opTOHopMiipoBaHHbiH 
6a3HC ei b opTOHopMnpoBaHHbiii 6a3nc e 2 . ilocKOJibKy JiHHeiiHoe npeo6pa30BaHne A" 1 OTo6pa:staeT opTOHop- 
MHpoBaHHbin 6a3nc e 2 b opTOHopMnpoBaHHbin 6a3HC ei, to yTBep>K^,eHiie TeopeMbi cjie^yeT H3 onpeflejieHHH 
2.4.1. □ 

CoraacHO onpe^ejieHnio 2.4.1, MHO»cecTBO ^BHJKeHHii SO(V) npocTpaHCTBa MnHKOBCKoro V aBjiaeTCH 
no,n;MHOJKecTBOM rpynnbi jiHHeiiHbix npeo6pa30BaHHii GL. H3 TeopeM 2.4.2. reftheorem: inverse motion cjiejxyeT, 
hto Ha MHOJKecTBe jTBioKeHiiii SO(V) onpejrejieHO acconnaTiiBHoe npoiraBefleHHe, KOTopoe HMeeT eflHHinry n 
o6paTHbiii sjieMeHT. 

IlycTb ^BHJKenne A npocTpaHCTBa MnHKOBCKoro OTo6pa»caeT opTOHopMnpoBaHHbin 6a3nc ei b optohopmh- 
poBaiiHbin 6a3nc e 2 . IlycTb ,ii,BH>KeHiie B npocTpaHCTBa MnHKOBCKoro OTo6pajKaeT opTOHopMnpoBaHHbiii 6a3HC 
e 2 b 6a3nc S3 . Ecjih 6a3HC S3 He HBjiHeTCH opTOHopMnpoBanribiM, to mm He 3HaeM, HBjiaeTCH jih npoH3Bejj,eHne 
AB flBHJKeriHeM. CjieflOBaTejibHO, npon3BefleHHe ppHyaemiii He Bcer^a onpeflejieHO h mho^kcctbo jj,bhjk6hhh 
SO(V) npocTpaHCTBa MnHKOBCKoro V HBjisieTCH He nojiHoii rpynnoii. 



2.4. ^BHjKeHHe npocTpaHCTBa MtiHKOBCKoro 



1!) 



TEOPEMA 2.4.4. Ilycmb Koopdunamu meH3opa g onpedeAenu omnocumcAbno opmonopMupoeannozo 6a,3u- 
ca e. IIycrm> deuotcenue npocmpancmea Muhkobckozo V 

(2.4.1) v H = Ay 

omo6paotcaem 6a3uc e e opmonopMupoeannuu 6a3uc e! . Tozda 28 
(2-4.2) 9ij (e' k )AiAi = g kl (e k ) k<l 

^OKA3ATEJibCTBO. CorjiacHO onpeflejieHHHM 2.3.2, 2.3.3, BeKTopti 6a3iica e yn,OBjieTBops:iOT paBencTBy 

^ 2 4 3 ^ 9y(efe)4ef=0 k<l 

gijie^elel = 1 

H BGKTOpBI 6a3HCa €.' yflOBJieTBOpfllOT paBeHCTBy 

(2 44) ff«(^)4e'f' = k<l 

9iAKVi4 = 1 

H3 paBGHCTB (2.4.1), (2.4.3), (2.4.4) cjie^yeT 

(2-4.5) 9ij(e k )ei4 = giM^A = 9iM)K<4 e i k ^ 1 

Tax KaK e l j = Sj, to paBeHCTBO (2.4.2) cjie^yeT H3 paBCHCTBa (2.4.5). □ 

CjlEflCTBHE 2.4.5. Ilycmb Koopdunamu meH3opa g onpedeAenu omnocumeAbno opmonopMupoeannozo 
6a3uca e. Ilycmb deucucenue npocmpancmea Muhkogckozo V 

V H = Ay 

omo6paotcaem 6a3uc e e opmonopMupoeannuu 6a3uc e' . Tozda 

gii(e' h )AiA{ = 1 
(2.4.6) 3 k k k 



□ 



TeopeMa 2.4.4 TaioKe cjie^yeT 113 yTBepacflemis:, hto KOop^HHaTBi flBieKeHHH A OTHOCHTejitHO 6a3Hca e 
coBnaflaiOT c KOopfliinaTaMH 6a3Hca e! 



CjlEflCTBHE 2.4.6. Ilycmb e\, e 2 - opmonopMupoeannue 6a3ucu. Ilycmb e 21 .f Koopdunamu 6a3uca e 2 
omnocumeAbHO 6a3uca e\ . Tozda 

fli-y(e 2 .fe)e 2 i.fee 2 i.f = fli-w(ei.fc) fc < I 
zde gi-ij(v) Koopdunamu MempuuecKOSo men30pa omnocumeAbno 6a3ucae\. □ 
Teopema 2.4.7. Ilycmb 6cckohchho MaAoe deuotcenue 

a H = a j {8)+A)dt) 

omo6pamcaem opmonopMupoeannuu 6a3uc e e opmonopMupoeannuu 6a3uc e' 
(2-4.7) et = e{{8)+Adt) 



^'^riocKOJitKy npn flBH^ceHHH 6a3HC npocTpaHCTBa He MeHsieTCH, to OTo6pa»ceHH5i g^j TaK»ce He mchhiotcsi. 
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2. IIpOCTpaHCTBO MliHKOBCKOrO 



Tozda (k < I) 

(2.4.8) g kp (e k )A p + 9pl (e k )A p = 

flOKA3ATEJlbCTBO. fljia k < I H3 paBeHCTB (2.4.7), (2.2.12), cjie^yeT 

dgij(a) 



(2.4.9) 



^j(e' k )e' l k e'j = gij (e k ) + 



da r 



eTA r m dt (el + e^A* m dt){e\ + efMdt) 



= 9ij (e*)eief + g l3 (e k )e\e? p A p dt + gij {e k )e l m A% dte\ 
H3 paBeHCTB (2.4.3), (2.4.4), (2.4.9), cjieflyeT (k < I) 



dg l3 (a) 



da r 



p m A r rlip 1 p 1 
e k Ji m ale k e l 



(2.4.10) = gij (e k )ele^dt + g i3 {e k y m A%dte\ 

Tax Kax e\ ~ S' l k , to h3 paBeHCTBa (2.4.10) cjie^yeT (k < I) 



dgij(a) 



da r 



e k l A r m dte % k e\ 



(2.4.11) 



g kp (e k )A p + g p i(e k )A p 



dg k i(a) 



da r 



A r k dt = 



PaBencTBO (2.4.8) cjie^yeT H3 paBeHCTB (2.2.11), (2.4.11). 



□ 



TEOPEMA 2.4.8. Ylpou3ecdcnue ung5uHume3UMaAt>Hux deuoKenuu npocmpancmea Muhkobckozo sieAsiem- 
cn UHifiuHumesuMaAbHUM deucucenueM npocmpancmea Muhkobckozo. 

,H,OKA3ATEJIL>CTBO. IlyCTb 

f{a) <=a k (Sl + A k dt) 
g(ay =a k (6l + B k dt) 

HH(pHHHTe3HMajibHbie flBHJKCHHa npocTpaHCTBa MiiHKOBCKoro . Ilpeo6pa30BaHHe fg iiMeeT bha 

f(g(a)Y = {g{a)) l (5\+A\dt) 

= aP(5 l p + B l p dt)(Sl+Aldt) 
= a p (S p + A p dt + B l p dt) 
= a p (S p + (A p + B p )dt) 

H3 TeopeMbi 2.4.7, cjie^yeT, hto KOop/niHaTbi OTo6pajKeHHft fug y^OBjieTBopHiOT paBencTBaM 

g kp (e k )Af + g pi (e k )A p k = ^ < 
g kp (e k )Bf + g p i(e k )B p =0 
H3 paBeHCTBa (2.4.12) cjie^yeT (k < I) 

g kp (e k )(A p + B p )+g pl (e k )(A p +B p ) 
=gk P {ek)A p l + g p i{e k )A p + g kp (e k )B p + g pl (e k )B p 
=0 

Cjie^OBaTejibHO, OTo6pajKeHHe fg aBjraeTCH HHcpHHHTesHMajibHMM ^BioKeHiieM npocTpaHCTBa Mhhkobckcto. 

□ 



(2.4.12) 



2.4. ^BHJKCHHe npOCTpaHCTBa MtlHKOBCKOrO 
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Teopema 2.4.9. IJycmb 

a" 1 = a ] {5)+A)dt) 
6ecK0HeuH0 MaAoe deuMcenue. fljw mo6ozo r € R, npeo6pa3oeanue 

a 11 = a? {5} + rA)db) 

siejitiemcsi 6ecKOHeuHo mcuium deuMcenueM. 

^OKA3ATEJlbCTBO. Efe paBeHCTBa (2.4.8) cjie^yeT [k < I) 
(2.4.13) g kp (e k )(rAf) + g pl (e k )(rAD = 

yTBepjKfleHiie TeopeMbi cjie^yeT H3 paBeHCTBa (2.4.13) h TeopeMbi 2.4.7. □ 

Teopema 2.4.10. MHoatcecmeo uH$UHume3UM0JibHux deuatceHuii neAsiemcfi eeKmopnuM npocmpaHcmeoM 
Had no/ieM deucmeumejiwux uuceji. 

,HOKA3ATEJl£>CTBO. CorjiacHO TeopeMe 2.4.8, MHO»cecTBO 6ecKOHenHO Majibix ^BioKeHHii nopojKflaeT a6e- 
jieByio rpynny g. CorjiacHO TeopeMe 2.4.9, onpeflejieHO npeflCTaBjieHne nojiH fleftcTBHTejibHbix Hiiceji b rpynne 
g. CjieflOBaTejibHO, rpynna g HBjiaeTCH BeKropHbiM npocTpaHCTBOM. □ 

Tax KaK OTHOineHiie opToroHajiBHOCTii He chmmctphhho , to sto npHBO/niT k ii3MeHeHiiio CTpyKTypbi MeT- 
pHHecKoro TeH3opa b opTOHopMiipoBaHHOM 6a3iice. B nacTHOCTH, Tax KaK CKajiHpHoe npoii3Be,i];eHHe 

gio(e k )e l k e\ k > I 

He onpeflejieHO, to mm He mojkcm Tpe6oBaTb, hto aBTOMop<pii3M npocTpaHCTBa MnHKOBCKoro coxpaHSBT CKa- 
jiHpnoe npoH3BefleHiie. 

Teopema 2.4.11. HndiuHumeauMaAbHoe deuotcenue npocmpaHcmea Muhkobckozo 
{2 AAA) a H = a? '(dj + A)dt) 

ne coxpansiem CKaAJipnoe npouseedenue. fl^Asi 3adanHux eenmopoe a, b, eeAUUimy Hapywenusi CKaAsipnozo 
npou3eedenuM moqkho oufiHumb eupaofcenueM 

(2.4.15) giifflaW - g^iayV = ( 9pj (a)^ + fe^K + ^^Afa 1 

^OKA3ATEJibCTBO. IlycTb HH(pHHHTe3HMajibHoe ^BiDKeHiie npocTpaHCTBa MiiHKOBCKoro OTo6pa>KaeT BeK- 
Topti a, b b BeKTopti a', b' 

a' 1 = a j {5) + A\dt) 

(2.4.16) J 3 

b' i =b>(8) + A)dt) 

CKajiapHoe npoii3Be,neHHe BeKTopoB a', b' HMeeT Bim 

gijia'yW =g lj {{a k + Afa l dt)e k ){a l + A\,aPdt){V + A{b q dt) 

= (9iM + ^P-Ala l dt)(a l + A^aPdt)^ + A\Wdt) 

(2-4.17) da (a) 

;,, r a }<,■'>■ + giJ {a)A l p a p b> dt + g l] (a)a t A^V >dt + y £ \ ' AJa'dtcfV 

y.jiTDa-b- + (g^a)^ + g ip (a)A r i + ^f^f a ') a ^ dt 
PaBencTBO (2.4.15) cjie^yeT H3 paBeHCTBa (2.4.17). □ 
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2.5. KBa3HflBH»ceHHe npocTpaHCTBa MnHKOBCKoro 

Xoth CTpyKTypa MHOJKecTBa SO(V) flBH^Kennii npocTpaHCTBa MnHKOBCKoro V He HBjiaeTCH nojiHOCTbio 
onpe^ejieHHOfi rpynnoii, mhojkcctbo SO(V) sBjiaeTca no/TMHOJKecTBOM rpynnbi GL n ^eftcTByeT o/nroTpan- 
3hthbho Ha MHoroo6pa3Hii 6a3HCOB npocTpaHCTBa MnHKOBCKoro V. IIosTOMy b MHO»cecTBe naccHBHbix npe- 
o6pa30BaHHH BeKTopHoro npocTpaHCTBa V Mbi MoaceM BtiflejiHTb npeo6pa30BaHHH, coxpaHjnoiinie CTpyKTypy 
npocTpaHCTBa MnHKOBCKoro V. 

OnPEflEJTEHHE 2.5.1. IlaccHBHoe npeo6pa30BaHne npocTpaHCTBa Mhhkobckoto 

OTo6pa»caion];ee no KpaiiHeii Mepe Oflra opTOHopMiipoBaHHbin 6a3iic b opTOHopMHpoBaHHbiii 6a3iic Ha3biBaeTCH 
KBa3HflBH»ceHHeM npocTpaHCTBa Mhhkobckoto. □ 

ITycTb KBa3HflBHJKeHHe A npocTpaHCTBa MnHKOBCKoro OTo6pa»;aeT 6a3nc ei b 6a3HC e2 . IlycTb a - MaTpnua 
KOopflHHaT 6a3nca gj . Tor/ja cnpaBefljiHBO paBeHCTBO 

e 2 = e\A 

Koop/ninaTbi BeKTopa 

a = a l e.i 

npeo6pa3yiOTca corjiacHO npaBiuiy 

(2.5.1) a' j .1 1 ,V 
H3 paBCHCTB (2.2.9), (2.5.1) cjie^yeT 

(2.5.2) <?y(a)aV = g' kl (a)a' k a n = g'^A^y A^ 
tfe paBeHCTBa (2.5.2) cjie^yeT 

(2.5.3) g' kl (a) = 9ij (a)AU{ 
CjieflOBaTejibHO, gijia) hbjihctch TeH3opoM. 

3amemahhe 2.5.2. Jlp cnx nop mbi paccMaTpiiBajin MCTpincy npocTpaHCTBa MnHKOBCKoro V k&k Ha6op 
<pyHKH,HH gij(v) BeKTopa ceF. ITocKOjibKy 6a3nc e 3a,n,aH, to mbi HMeeM o^HOSHaHHoe pa3Ji0JKeHne BCKTopa 
v OTHOCHTejiBHO 6a3Hca e 

v = v l ei 

Cjie/i,OBaTejiBHO, Mbi MOJKeM paccMaTpHBaTb OTo6pa»ceHHe gij(v) KaK cpyHKiniio gijiv 1 , v n ) nepeMeHHbix v 1 , 

v n 

(2.5.4) g ij (v 1 ,...,v n )=g ij (v) 

□ 

TEOPEMA 2.5.3. Ilycmb Koopdunamu meH3opa g onpedejienu omnocumejibHO opmonopMupoeaHHOso 6a,3u- 
ca e. Ilycmb Kea3udeuoiceHue npocmpancmea MuHKoecKoao V 



(2.5.5) e[ = A\ 



i < : j 



omo6pajtcaem 6a3uc e e opmoHopMupoeaHHUu 6a3uc e? . Tozda 
(2-5-6) 9ij {e' k )Ai4 = g kl {e k ) k<l 



2.5. KBa3IIflBH5KeHHG npOCTpaHCTBa MHHKOBCKOrO 



2:i 



,3,OKA3ATEJibCTBO. CorjiacHO onpeflejieHHHM 2.3.2. 2.3.3, BeKTopti 6a3nca e ynpBjieTBopaiOT paBeHCTBy 

<7i?(efc)eie? =0 k < I 
(2.5.7) _ k [ 

<?y(e fe K4 = 1 

H BGKTOpBI 6a3HCa €.' y^OBJieTBOpHIOT paBeHCTBy 

(25g) 9ij(e' k )e n k e'i=0 k<l 

9iMyie'{ = l 
H3 paBeHCTB (2.5.5), (2.5.7), (2.5.8) cjie/ryeT 

(2-5-9) 9iAe h y k 4 = 9iM)e'ie'i = g^A^A^ k < I 

Tax KaK e* = <5j, to paBeHCTBO (2.5.6) cjie^yeT H3 paBeHCTBa (2.5.9). □ 

H3 TeopeM 2.4.4, 2.5.3 cjie^yeT, hto mhojkcctbo KBasn^BiuKeHiiH npocTpaHCTBa MnHKOBCKoro h mhojkcctbo 
,a,Bii>KeHiifl: npocTpaHCTBa MiiHKOBCKoro coBna^aiOT. 

3amehahhe 2.5.4. Mhojkcctbo KBa3HflBiiJKeHiiH nopojKflaeT nacciiBHoe npe^CTaBjieHHe He nojiHoii rpynnti 
SO{V). 

IlycTb ei, S2 - opTOHopMiipoBaHHbie 6a3HCti npocTpaHCTBa MiiHKOBCKoro V. CorjiacHO TeopeMe 2.5.3, cy- 
m,ecTByeT KBa3H/i,BHJKeHHe OTo6pajKaioiHee 6a3HC e\ b 6a3nc 62. IIocKOjibKy He nojiHaa rpynna SO(V) HBjiaeTCH 
noflrpynnofl rpynnti GL, to sto KBa3H,n;BH>KeHiie onpe/i,ejieHO o/i,H03HaHHO. Cjie^OBaTejibHO, npeflCTaBjieHHe He 
nojiHoii rpynnbi SO(V) Ha MHoroo6pa3HH 6a3HCOB npocTpaHCTBa MnHKOBCKoro V o/i,HOTpaH3HTiiBHO. 

IlosTOMy onpe/jejieHne reoMeTpHnecKoro o6i.eKTa (pa3/i,eji [7]-5.3) ocTaeTCH BepHtiM TaKJKe b npocTpaHCTBe 

MlIHKOBCKOrO. □ 

TEOPEMA 2.5.5. Ilycmb A - Kea3udeuoKeHue, omo6pa3tcatmu,ee 6a3uc e e 6a3uc e! 

(2.5.10) e k =A\e t 

Kea,3udeuDKeHue A omo6paoicaem omo6pajfceHue g%j[y , ■■■,v n ) e omoSpaafcenue g[Av , ...,v' n ) cozjiacno npa- 
eujiy 

(2.5.11) g' kl (v a ,...,v' n ) = g ij {v' k A 1 k ,...,v' k Al)A i k Ai 
^OKA3ATEJibCTBO. H3 paBeHCTB (2.5.3), (2.5.4), cjie^yeT 

(2.5.12) g' kl {v'\ v' n ) = g' kl (v) = 9ij {v)AM = Qijiv 1 ,..., v n )A\A\ 

IIoCKOJIbKy KBa3H,H;BH>KeHHe A He hsmchhct BeKTOp tJ, TO 

(2.5.13) v = v k e k = v'% = v' k A\ei 
H3 paBeHCTBa (2.5.13) cjie^yeT 

(2.5.14) v l =v' k A l k 

PaBencTBO (2.5.11) cjie^yeT H3 paBeHCTB (2.5.12), (2.5.14). □ 
TEOPEMA 2.5.6. riycmb GecKoneHHO MdAoe Kea3udeuatceHue 

omo6pac)tcaem opmcmopMupoeaHHUu 6a3uc e e opmoHopMupoeaHHuil 6a3uc e! 

(2.5.15) et = e\(5 l k +A{dt) 
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Ilycmb KoopduHamu meH3opa g onpedejienu orrmocumeAbHO opmoHopMupoeamiozo 6a3uca e. Ilycmb Koopdu- 
namu meH3opa g' onpedeAenu omHocumeM>HO opmoHopMupoeaHHOso 6a3uca e! . Tozda (k < I) 

(2.5.16) gk P (e k )Af + gi P (e k )A p k = 

,II,OKA3ATEJl£>CTBO. CorjiacHO (2.5.3), (2.2.12), cjie^yeT, hto mgtphhcckhh TeH3op iicnbiTbiBaeT 6ecKOHe x i- 
ho Majioe npeo6pa30BaHne 2 ' 9 



(2.5.17) 



g' k i(e' p ) = gfKMsi + 5\A\dt + A%s>dt) 

dgij(a) 



da r 



S r m A^dt\(6l6j+SlAjdt + AlSidt) 



= 9kl(e p ) + gkj^Afdt + gu(e p )A l k dt + 
Ecjih p = k, to H3 paBGHCTBa (2.5.17) cjie^yeT 

(2.5.18) g' kl (e' k ) = g kl (e k ) + g kj (e k )A{dt + g a {e k )A l k dt- 

IIpn k < I, coraacHO TeopeMe 2.3.8, 

(2-5.19) 9ki(e k ) = g' k M) 

PaBeHCTBO (2.5.16) cjieflyeT 113 paBCHCTB (2.2.11), (2.5.18), (2.5.19). 



dg k i(a) 



da m 
dg k i(a) 



da 7 ' 



A™dt 



A™dt 



□ 



Ife TeopeM 2.4.7, 2.5.6 cjiepyei, hto mho^kcctbo 6ecKOHe x iHO Majitix KBasii^BioKCHHii npocTpaHCTBa Mhh- 

KOBCKOrO H MHOJKeCTBO GeCKOHe^IHO MajIblX flBHJKeHHH IipOCTpaHCTBa MlIHKOBCKOrO coBna^aiOT. 



'Mbi Hcnojib3yeM paBeHCTBO e™ = <5" 1 . 



TjiaBa 3 



IlpHMepbi npocTpaHCTBa MuHKOBCKoro 



3.1. IIpHMep npocTpaHCTBa MHHKOBCKoro pa3MepHOCTH 2 

Mbi paccMOTpiiM npiiMep cpHHCjiepoBoii mctphkh npocTpaHCTBa MiiHKOBCKoro pa3MepHOCTH 2 (paccMaT- 
pHBaeMaa MeTpinca HBjiaeTCH nacTHbiM cjiynaeM MeTpiiKii [12]-(3)) 

(v^v 2 



F 2 (v)^((v') 2 + (v 2 ) 2 )[l + 

(3.1.1) 

,1\2 , /„,2\2 



(( w l)2 + ( w 2)2)2 



(v L y + (v 2 y + -± 



{v 1 ) 2 + (v 2 ) 2 

TEOPEMA 3.1.1. QuncAepoeasi MempuKa, onpedeAennaji paeencmeoM (3.1.1) nopoatcdaem Mempuny npo- 

3V 1 (v 2 ) 5 - (v 1 ) 3 ^ 2 ) 3 
1+ {(v 1 ) 2 + {v 2 ) 2 ) 3 

2 ((v 1 ) 2 + {v 2 ) 2 ) 3 

(v 1 ) 3 ^ 2 ) 3 -Sjv 1 )^ 2 
1+ {{v 1 ) 2 + {v 2 ) 2 ) 3 

^OKA3ATEJibCTBO. H3 paBeHCTBa (3.1.1) cjie^yeT 

dF 2 {v)_ 2vl f i^fv 2 ^ 1 ) 2 + {v 2 ) 2 ) - {v^v^v 1 



cmpancmea Muhkobckozo 




(3.1.2) 


5n («) 


(3.1.3) 


312 (v) 


(3.1.4) 


922{v) 



(3.1.5) =2v 



dv 1 ((v 1 ) 2 + (v 2 ) 2 ) 2 

x 3(ti 1 )V+3(« 1 ) a (v 2 ) 3 -2(« 1 )V 



((v 1 ) 2 + (v 2 ) 2 ) 2 
1^„,2 , o^,l^2^,2^3 



, (v^v 2 + 3(viy(v 2 ) 
V ((v 1 ) 2 + (v 2 ) 2 ) 2 

dF 2 (v) 2 (v 1 ) 3 ^ 1 ) 2 + (v 2 ) 2 ) - (vyv^v 2 
dv 2 V + ((v 1 ) 2 + (v 2 ) 2 ) 2 

(3.1.6) 



2v 



2 , (yif- (yi) 3 (v 2 ) 2 
((v 1 ) 2 + {v 2 ) 2 ) 2 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



H3 prbghctb (2.2.2), (3.1.5), (3.1.6) cjie/ryeT 

1 (4(w 1 ) 3 w 2 + 6u 1 (w 2 ) 3 )((w 1 ) 2 + (v 2 ) 2 ) 2 



gn(v) =1 + 



(3.1.7) 



2 ((t; 1 ) 2 + (t; 2 ) 2 ) 4 

1 {{v l fv 2 + 3(u 1 ) 2 (« 2 ) 3 )2((u r ) 2 + (v 2 ) 2 ^ 1 

2 ({v 1 ) 2 + (v 2 ) 2 ) 4 

2(v 1 ) 5 v 2 + Ziv 1 ) 3 ^ 2 ) 3 + 2(v 1 ) 3 (v 2 ) 3 + 3v V) 5 2{v 1 fv 2 + 6(w 1 ) 3 (i; 2 ) 3 



1 



((v 1 ) 2 + (V 2 ) 2 )3 ((^1)2 + ^2)2)3 



(3.1.8) 



(3.1.9) 



_ 1 (5(^) 4 - 3{v l ) 2 {v 2 ) 2 )((v 1 ) 2 + (^ 2 ) 2 ) 2 
9l2i - V) ~ 2 ((v 1 ) 2 + (v 2 ) 2 ) 4 

1 ((^1)5 _ (,,1)3(^2)2)2(^1)2 + (^2)2^1 

"2 ((v 1 ) 2 + (v 2 ) 2 ) 4 

1 5(^) 6 - 3(^)> 2 ) 2 + h^ 1 ) 4 ^ 2 ) 2 - 3jVQVy 1 4(^) 6 - 4(^)> 2 ) 2 
~2 ((w 1 ) 2 + (t. 2 ) 2 ) 3 ~2 ((w 1 ) 2 + (u 2 ) 2 ) 3 

, l -2(^) 3 ^ 2 ((^) 2 + (^ 2 ) 2 ) 2 

522 («) - 1 + ^ (^1)2 + ^2)2)4 

1 ((t- 1 ) 5 - (f 1 ) 3 (^ 2 ) 2 )2((« 1 ) 2 + (v 2 ) 2 )2v 2 

2 ((« 1 ) 2 + (« 2 ) 2 ) 4 

,1^5„2 , f„A\3(„.2\3 of,,,l\5„2 _ 9 /„l\3/„2N3 



[ v if v 2 + (^1)3(^2)3 2 (i; 1 )V - 2{v 1 f{v 2 Y 

- 1 ((„1)2 + („2)2)3 ((^1)2 + („2)2)3 

PaBeHCTBO (3.1.2) cjie,nyeT H3 paBeHCTBa (3.1.7). PaBeHCTBO (3.1.3) cjie^yeT 113 paBeHCTBa (3.1.8). PaBeHCTBO 
(3.1.4) cjie^yeT H3 paBGHCTBa (3.1.9). □ 

Mm nanHeM npoij;e,zrypy opToroHajiH3au,HH 31 c 6a3nca 

- I 1 ) - '»' 

ei = I e 2 

W 

IlycTb 

e[ = e\ e' 2 

opToroHajiBHtiii 6a3iic. Tax KaK bgktop e' 2 opToroHajieH BeKTopy e[, to corjiacHO onpeflejieHHio 2.3.1 

(3.1.10) fly(ei)e /J 2 = 

CorjiacHO paBeHCTBaM (3.1.2), (3.1.3), 

(3-1.11) 5ii(ei) = l 9i2(e[) = l 0a &) = 1 

H3 paBeHCTB (3.1.10), (3.1.11) cjieflyeT 

(3.1.12) e'l + -e'l=0 



^Cmotph pa3fleji [8]-3. 



3.1. ITpHMCp npOCTpaHCTBa MlIHKOBCKOrO pa3MCpHOCTH 2 
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H3 pRBGHCTBcL (3.1.12) CJKflyeT, HTO MM MOJKEM nOJIOJKIITb 

-1 



— / 

e 2 



(3.1.13) 

CoraacHO paBeHCTBaM (3.1.2), (3.1.3), (3.1.4), (3.1.13), 



(3.1.14) 



f a 3(-l)(2) 5 -(-l) 3 (2) 3 

ffll(62) - 1+ ((-1)2 + (2)2)3 



= 1 + 



-96 



37 



9i2(e' 2 ) 



(1 + 4) 3 125 

l(-l) 6 + 6(-l) 4 (2) 2 -3(-l) 2 (2) 4 
2 ((-1)2 + (2)2)3 

1 1 + 24 - 48 _ 23 

2 (1 + 4) 3 ~ ~250 



(-l) 3 (2) 3 -3(-l) 5 2 
522(e 2 ) - 1 + (( _ 1)2 + (2)2)3 

-8 + 6 123 



(1 + 4) 3 125 



H3 paBeHCTB (3.1.13), (3.1.14) cjie^yeT 

gij(e 2 )e n 2 e'{ = gn{e 2 )e 2 



37 37 + 23 

125 v ; v 250 ; 125 
12 

~25 



CjieflOBaTejibHO, BeKTop e[ He opToroHajieH BeKTopy e' 2 . 

IloCKOJIbKy 

F 2 (e'0 = l 

to ^.jiHHa BeKTopa 



— // — / 

e-i = e. 



paBHa 1. IlocKOjibKy 



to ,n,jiHHa BeKTopa 



F 2 (^) = (-l) 2 + (2) 2 + 



(-1) 3 2 

(-1)2 + (2)2 



= 1 + 4- 



2 23 
1 + 4 ~~ T 



5_, 



V 23 



VV23/ 
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3. IlpiiMcpbi npocTpaHCTBa MliHKOBCKOrO 



paBna 1. CjieflOBaTejibHO, 6a3HC e" HBjiaeTCH opTOHopMHpoBaHHMM 6a3HCOM. Ba3iicbi e" h e CBH3aHbi nacciiB- 
HbiM npeo6pa30BaHiieM 



(3.1.15) 



(e'{ e!i) = (e 1 e 2 ) 



V 23 



2a/— i 
23/ 



(3.1.16) 



TEOPEMA 3.1.2. KoMnoHenmu MempunecKozo meH3opa omHocumeAbHO 6a.3uca e" UMewm eud 

1 




9"{e'{) 



(3.1.17) 



3"(e 2 ') = 




12 fT\ 
25 V 23 



1 



/ 



^OKA3ATEJibCTBO. H3 paBeHCTB (2.5.3), (3.1.11), (3.1.15) cjie,nyeT 
^i(ei') = 9ii(ei')=l 

9'Ue'l) = 9xi{e'l)A\ + g^[)A\ = -y/J + I 2 ^J = 



SM) = 3ii(ei')^^ + 2 5l2 (e'/)A^l + ^(eMA 2 



(3.1.18) 



PaBeHCTBO (3.1.17) cjie^yeT H3 (3.1.18). Ife paBeHCTB (2.5.3), (3.1.14), (3.1.15) cjie/jyeT 

37 




(3.1.19) 



125 



— J— 

125 V 23 



23 
250 



— J— 

25 V 23 



9Wi) = 9xi{e'i)A\A\ + 2 g ^)A\A\ + g22^)A\A\ 




37 


46 N 


5 


492 5 


575 5 


125 


-125 


23 


125 23 


125 23 



PaBeHCTBO (3.1.2) cjie^yeT H3 (3.1.19). 



□ 



3.2. CTpyKTypa MCTpiiKH npocTpaHCTBa MimKOBCKoro 



2<i 



CjiEflCTBHE 3.1.3. OmHocumeAbHo 6a3uca (3.1.15), Mampuvfl (2.3.9), coomeemcmeymmasi (fiuncjiepoeou 
MempuKe, onpedejiemiou paeencmeoM (3.1.1), UMeem eud 



TeopeMa 2.3.8 onpeflejiaeT 3HaneHHe gkl(fik)i ecjin k > I. O/ipaKO TeopeMa 2.3.8 HHnero He roBopirr o 3Ha- 
nessm gki(ek), ecjin k < I. BnenaTjieHHe, hto sto 3HaHeHiie hpoh3bojibho, nopo>K^;aeT cepbe3Hyio npo6jieMy. 
HanpiiMep, ecjiH MeTpHKa He 3aBHCHT ot nanpaBjieHHs, to npocTpaHCTBO MHHKOBCKoro CTaHOBHTCH eBKjin- 
/kjbbim npocTpaHCTBOM h MaTpnua (2.3.9) CTaHOBHTCH /niaroHajibHOH MaTpimeii; nosTOMy HenoHaTHO kjikhm 
o6pa30M nocjieflOBaTejibHOCTb npoH3B0JibHbix SHa^ieHHft cxofliiTCH k 0. 

H3 paBencTBa (3.1.20) cjie^yeT, hto 3HaHeHHe guifik), k < I, Heii3BecTHO, ho He npoH3BOjn>HO. B pa3/i,ejie 
3.1, mbi BbinojiHHjiH nocTpoeHne pjisi (pHHCjiepoBoii mctphkh, onpeflejieHHOii paBeHCTBOM (3.1.1). Hania sa/jana 

- BOCnpOH3BeCTH 3TH BblHHCJieHHfl flJIH npOH3BOJIbHOH HOpMbI F npOCTpaHCTBa MHHKOBCKOrO pa3MepHOCTH 2. 

IlycTB F(v) - (piiHCjiepoBaa CTpyKTypa npocTpaHCTBa MimKOBCKoro pa3MepHOCTH 2. IlycTb g(v) - MeTpHKa, 
onpeflejieHHaa paBeHCTBOM (2.2.2). 

Mbi HanHeM npone/iypy opToroHajni3aHHH 3,2 c 6a3nca 



(3.1.20) 




□ 



3.2. CTpyKTypa mgtphkh npocTpaHCTBa MnHKOBCKoro 




IlycTb 




(3.2.2) 




H3 paBeHCTBa (3.2.2) cjie/iyeT 



9ij&WWi =9ii(e 2 )e' 2 



ffii(e 2 )5i 2 (ei) + ff2i(e 2 )ffii(ei) 



5n (ei) ffn(e 2 ) 
ffi 2 (ei) gi2(e' 2 ) 



ECJIH MBI nOJIO>KHM 



F(v\v 2 ) = F{v) 



3.2 



Cmotph pa3^eji [8]-3. 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



TO OpTOHOpMHpOBaHHBlfl 6a3HC e 2 ' HMeeT BH^ 



(3.2.3) 



512(1,0) 



d e 2 



F(1,0) F(-5!a(l,0),ffii(l,0)) 
gll (l,0) 

V F(- gl2 (l,0) )5 ii(l,0)) / 

3.3. EEpHMep 1 npocTpaHCTBa MnHKOBCKoro pa3MepHOCTH 3 

Mbi paccMOTpHM npHMep cpHHCjiepoBoft MeTpHKH npocTpaHCTBa MnHKOBCKoro pa3MepHOCTH 3 (pacciviaT- 
pHBaeMaa MeTpHKa hbjihctch nacTHbiM cnynaeM MeTpHKH [12]-(3)) 

F 2 (v) = Uv 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) ( 1 + (^) 2 v 2 v 3 



(3.3.1) 



(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 + {^fv 2 ^ 

1 ' ( > 1 > {v 1 ) 2 + (v 2 ) 2 + (« 3 ) 2 



TEOPEMA 3.3.1. OuncAepoeasi MempuKa, onpedeMennaji paeencmeoM (3.3.1) nopootcdaem MempuKy npo- 
cmpaHcmea Muhkogckozo 

-3(^)V)V - Z^fv 2 ^ 3 ) 3 + {v 2 fv 3 + 2(v 2 ) 3 (v 3 ) 3 + v 2 (v 3 ) 5 

9ll( v )- + (^i) 2 + ^ 2 )2 + ^3)2)3 

Sfa 1 ) 3 ^ 2 ) V - w> 2 )V + (t' 1 ) 3 ^ 3 ) 3 + V 1 ^ 3 ) 5 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

(^1)3(^2)3 + ^1^2)5 + 3(^1)3^3)2 _ ^2(^3)4 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
-S^ 1 ) 4 ^ 3 + (vyjvyv 3 - Sjv 1 )^ 2 ^ 3 ) 3 

922{V)- + ((^1)2 + ( w 2)2 + ( w 3)2)3 

1 (v 1 ) 6 - (v 1 ) 2 ^ 3 ) 4 - fo 1 ) V) 4 + 6Q; 1 ) V) 2 (u 3 ) 2 

2 ((t; 1 ) 2 + (« a ) 2 + (« 3 ) 2 ) 3 

(^1)2^3)3 3(^1)4^2^3 _ 3(^1)2(^2)3^3 



(3.3.2) 
(3.3.3) 
(3.3.4) 
(3.3.5) 
(3.3.6) 
(3.3.7) 



913 (v) 



923(v) 

533 (v) = 1 + 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
^OKA3ATEJibCTBO. H3 paBeHCTBa (3.3.1) cjie^yeT 



dF 2 (v) _ ! ^ 2t>Vz; 3 ((t; 1 ) 2 + (« 2 ) 2 + (v 3 ) 2 ) - {v l ) 2 v 2 v 3 2v 1 



(3.3. 



((i; 1 ) 2 + (i> 2 ) 2 + (v 3 ) 2 ) 2 



, 2v 1 (v 2 ) 3 v 3 + 2v 1 v 2 (v 3 ) 3 
2V 1 H — — - 



(3.3.9) 



dF 2 {v) 
dv 2 



2v 2 + 



= 2v" 



(3.3.10) 



dF 2 {v) 
dv 3 



2v c 



2v c 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

(^)VW) 2 + (v 2 ) 2 + (v 3 ) 2 ) - (v^v^v 2 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

(yl)* V 3- (V 1 ) 2 (V 2 ) 2 V 3 + (V 1 ) 2 (V 3 ) 3 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

(v 1 )^ 2 ^ 1 ) 2 + (i> 2 ) 2 + (v 3 ) 2 ) - ^fv^v 3 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

(t^)V + (z; 1 ) 2 ^ 2 ) 3 - (t; 1 ) 2 ^ 2 ^ 3 ) 2 

((^1)2 + („2)2 + (^3)2)2 



3.3. IlpilMCp 1 npOCTpaHCTBa MHHKOBCKOrO pa3MCpHOCTH 3 
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(3.3.11) 



(3.3.12) 



Hs prbghctb (2.2.2), (3.3.8), (3.3.9), (3.3.10) cjie^yeT 

1 (2(v 2 ) 3 v 3 + 2v 2 {v 3 ) 3 ){{v 1 ) 2 + (v 2 ) 2 + jv 3 ) 2 ) 2 

9ll(v) - 1 + - ((«1)2 + ( v 2)2 + (,,3)2)4 

1 (2v 1 (v 2 ) 3 v 3 + 2v 1 v 2 (v 3 ) 3 )2((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ^ 1 
~2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

((v 2 ) 3 v 3 + v 2 (v 3 ) 3 )((v r ) 2 + (i> 2 ) 2 + (v 3 ) 2 ) 

~ 1+ (( W 1)2 + ( W 2)2 + ( W 3)2)3 

(u 1 ^ 2 ) 3 *; 3 + t; 1 u 2 (ti 3 ) 3 )4D 1 
((w 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

(^1)2(^2)3^3 + (^1)2^3)3 + (^2)5^3 + („2)3 (t; 3)3 

~ 1+ ((l- 1 ) 2 + (v 2 ) 2 + ( W 3 ) 2 ) 3 

(^2)3^3)3 + ^2(^3)3^3)2 4^1)2^2)3^3 + 4(^1)2^3)3 

+ ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 ((w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

312 {v) 

_ 1 (4(^)V - 2v 1 (v 2 ) 2 v 3 + 2t> 1 (t> 3 ) 3 )((« 1 ) 2 + (v 2 ) 2 + (i; 3 ) 2 ) 2 
- 2 ((V) 2 + (v 2 ) 2 + (u 3 ) 2 ) 4 

1 ((tj 1 ) 4 ^ 3 - (^) 2 (?; 2 )V + (u 1 ) 2 ^ 3 ) 3 ^^ 1 ) 2 + jv 2 ) 2 + (v 3 ) 2 ^ 1 

~ 2 ((^1)2 + ^2)2 + ^3)2)4 

(2(^) 3 ?; 3 - t; 1 ^ 2 ) 2 ^ 3 + t; 1 ^ 3 ) 3 )^ 1 ) 2 + (t, 2 ) 2 + (« 3 ) 2 ) 

- (( U i) 2 + ( U 2 ) 2 + ( U 3 ) 2 ) 3 

((i; 1 ) 4 ?; 3 - (t; 1 ) 2 ^ 2 ) 2 ^ 3 + (t; 1 ) 2 ^ 3 ) 3 ^ 1 
((z; 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

_ 2(v 1 ) 5 v 3 - (v 1 ) 3 ^ 2 ) 2 ^ 3 + (w 1 ) 3 ^ 3 ) 3 

- ((„1)2 + („2)2 + („3)2)3 

2{v 1 ) 3 {v 2 fv 3 - u V)V + « V) 2 (z; 3 ) 3 
+ ((v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

2(v 1 ) 3 (v 3 ) 3 - v 1 ^ 2 ) 2 ^ 3 ) 3 + v 1 ^ 3 ) 5 

+ (( u l)2 + ( w 2)2 + ( u 3)2)3 

2(v 1 ) 5 v 3 - 2(v 1 ) 3 (v 2 ) 2 v 3 + 2(v 1 ) 3 {v 3 ) 3 

(( w l)2 + („2)2 + („3)2)3 
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3. IlpHMcpbi npocTpaHCTBa Mhhkobckoto 



(3.3.13) < 



(3.3.14) 



1 {A^fv 2 + 2v 1 {v 2 ) 3 - 2v 1 v 2 {v 3 ) 2 )({v 1 ) 2 + (v 2 ) 2 + jv 3 ) 2 ) 2 
513 W - 2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 )* 

1 {{v 1 )^ 2 + (v 1 ) 2 ^ 2 ) 3 - (u 1 ) Vfo 3 ) 2 ^^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ^ 1 

2 ((„1)2 + („2)2 + („3)2)4 

(2ft; 1 )V + f 1 ^ 2 ) 3 - pVfo 3 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (i; 3 ) 2 ) 
((u 1 ) 2 + (u 2 ) 2 + (v 3 ) 2 ) 3 

((^)V + (^) 2 (« 2 ) 3 - (i^Vfo 3 ) 2 ^ 1 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

_ 2{v 1 ) 5 v 2 + (t; 1 ) 3 ^ 2 ) 3 - (i* 1 ) 3 ^ 3 ) 2 2(v 1 ) 3 {v 2 ) 3 + v 1 ^ 2 ) 5 - v 1 ^ 2 ) 3 ^ 3 ) 2 

~ ((z;l)2 + ( w 2)2 + (^3)2)3 + ((„1)2 + („2)2 + („3)2)3 

2(«l)3„2( w 3)2 + „1 (^2)3^3)2 „ ^2^3)4 2 (« 1 ) 5 !; 2 + 2(« 1 ) 3 (v 2 ) 3 - 2(« 1 ) 3 « 2 (v 3 ) 2 



((,,1)2 + ( w 2)2 + (^3)2)3 ((^1)2 + (^2)2 + (^3)2)3 

1 (-2(t; 1 ) 2 ^ 2 ^ 3 )((^ 1 ) 2 + (f 2 ) 2 + (f 3 ) 2 ) 2 
+ 2 ((V 1 ) 2 + {v 2 ) 2 + (i; 3 ) 2 ) 4 

1 ((v 1 )^ 3 - (w 1 ) 2 ^ 2 ) 2 ^ 3 + (« 1 ) 2 (i; 3 ) 3 )2((i J 1 ) 2 + (i> 2 ) 2 + (i) 3 ) 2 )2i) 2 



= 1 



2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) i 

-(v^v 3 ^ 1 ) 2 + (v 2 ) 2 + jv 3 ) 2 ) 
1+ ((w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

(_(t|l)V + ^1)2^2)2^3 _ (^1)2(^3)3)2^2 

{(v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 
_( U 1)4 U 2 W 3 _ ( W 1)2( W 2)3 W 3 _ (^1)2^3)3 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
^(v 1 )^ 3 + 2(v 1 ) 2 (v 2 ) 3 v 3 - 2(v 1 ) 2 v 2 (v 3 ) 3 

l\2 . („2\2 , („3\2\3 



(( w l)2 + (,,2)3 + ( w 3)2) 



3.3. IlpilMCp 1 npOCTpaHCTBa MtlHKOBCKOrO pa3MCpHOCTH 3 



:>,:', 



(3.3.15) 



(3.3.16) 



1 {{v 1 ) 4 + Zjv 1 ) 2 ^ 2 ) 2 - (z; 1 ) 2 ^ 3 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 
923(v)- 2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

1 ((v 1 )^ 2 + (z; 1 ) 2 ^ 2 ) 3 - (u 1 ) Vfo 3 ) 2 ^^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 )2v 2 

2 ((« 1 ) 2 + (« 2 )2 + (w3)2)4 

_ 1 ((v 1 ) 4 + 3(^) 2 (« 2 ) 2 - (v 1 ) 2 ^ 3 ) 2 )^ 1 ) 2 + jv 2 ) 2 + (i> 3 ) 2 ) 

- 2 ((„1)2 + (,,3)8 + („3)2)3 

1 H^V - (v 1 ) 2 ^ 2 ) 3 + (u 1 ) 2 ^ 3 ) 2 )^ 2 
+ 2 ((w 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

_1 (v 1 ) 6 + 3(v 1 ) A (v 2 ) 2 - (v 1 ) 4 ^ 3 ) 2 
~2 {(v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 

1 jv 1 ) 4 ^ 2 ) 2 + 3(^) 2 (f 2 ) 4 - (i; 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 
+ 2 (( W 1 ) 2 + ( W 2 ) 2 + (w 3 ) 2 ) 3 

1 (v 1 ) 4 ^ 3 ) 2 + S^ 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 - (v r ) 2 (v 3 ) 4 
+ 2 ((v 1 ) 2 + ( l ; 2 ) 2 + ( V 3 ) 2 ) 3 

1 -4(t; 1 ) 4 (i; 2 ) 2 - 4(t> 1 ) 2 (i> 2 ) 4 + 4(z> 1 ) 2 (z> 2 ) 2 (t> 3 ) 2 

+ 2 ((„1)2 + („2)2 + („3)2)3 

533 (v) 

1 (-2(^ 1 ) 2 z; 2 z; 3 )((^ 1 ) 2 + (t> 2 ) 2 + (t> 3 ) 2 ) 2 

+ 2 ((„1)2 + („2)2 + ( w 3)2)4 

1_ (_(u 4 )V + (w 1 ) 2 ^ 2 ) 3 - (« 1 ) 2 U 2 ( V 3 ) 2 )2((w 1 ) 2 + (i- 2 ) 2 + (v 3 ) 2 )2i, 3 
~ 2~ 

= 1 + 



= 1 



((v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 4 
-{v 1 ) 2 v 2 v 3 ((v 1 ) 2 + {v 2 ) 2 + (v 3 ) 2 ) 
{(v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 4 
(-^1)V _ (^) 2 (t, 2 ) 3 + (z; 1 ) 2 ^ 3 ) 2 ^ 3 

((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

_( W 1)V W 3 _ ^1)2^2)3^3 _ ^1)2 W 2^3)3 
+ ((„1)2 + („2)2 + ( w 3)2)4 

2(v 1 ) 4 v 2 v 3 - 2{v 1 ) 2 (v 2 ) 3 v 3 + 2{v 1 ) 2 v 2 (v 3 ) 3 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

PaBencTBO (3.3.2) cjie^yeT H3 paBeHCTBa (3.3.11). PaBeHCTBO (3.3.3) cjie^yeT H3 paBeHCTBa (3.3.12). PaBGHCTBO 
(3.3.4) cjie^yeT 113 paBeHCTBa (3.3.13). PaBeHCTBO (3.3.5) cjie^yeT H3 paBGHCTBa (3.3.14). PaBeHCTBO (3.3.6) 
cjie^yeT H3 paBeHCTBa (3.3.15). PaBeHCTBO (3.3.7) cjie,nyeT H3 paBeHCTBa (3.3.16). □ 

TEOPEMA 3.3.2. QutiCAepoeasi MempuKa, onpedeAennaji paeencmeoM (3.3.1), nopocucdaem cuMMempuHHoe 
omtiouienue opmozoHaAbHocmu. 



34 



3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



,H,OKA3ATEJibCTBO. Mh h&hhgm npon,e/rypy opToroHajiraarpiH c 6a3iica 













(°) 


ei = 





e 2 = 


1 


e-3 = 















W 



IlycTb 



e'i = e± e' 2 = 



.,'2 



' 3 

Key 



opToroHajibHbiii 6a3iic. Tax KaK bgktop e' 2 opToroHajieH BGKTopy e 1; to corjiacHO onpeflejieHiiio 2.3.1 

^(e , i)eVi = 



(3.3.17) 



5ij(ei)« 







CorjiacHO paBeHCTBaM (3.3.2), (3.3.3), (3.3.4), 

flii(ei) = 1 gi2(e[) = ffi3(ei) 
(3-3.18) 52 2 (ei) = l ff23(ei) = 



333 (ei) = 1 



H3 paBCHCTB (3.3.17), (3.3.18) cjie^yeT 

(3.3.19) e' 2 =0 

ITocKOJiBKy 3HaneHHa e'|, e' 2 npon3BOjibHbi, mbi nojio>KHM 3 ' 4 



(3.3.20) e l2 2 

CorjiacHO TeopeMe 3.3.1 h paBeHCTBaM (3.3.19), (3.3.20), 

« 5 6 + 2a 3 6 3 + ab 5 



a e 2 = 6 



ffii(e 2 ) = 1 + 



(a 2 + 



1 



(3.3.21) 

H3 paBeHCTB (3.3.20), (3.3.21) cjie^yeT 



gij{e 2 )e\e{ = ga{e 2 )t 



gii{e' 2 ) = Q gi 3 (e' 2 ) = 

g22(e' 2 ) = 1 ,g 23 (e 2 ) = 
533 (e' 2 ) = 1 

= 



Cjie/i,OBaTejibHO, BeKTop e[ opToroHajieH BeKTopy e' 2 . 

Tax KaK BeKTop opToroHajieH BGKTopaM e' 1; e 2 , to corjiacHO onpe^ejieHHro 2.3.1 

9ij@iW\e% = gij(e' 2 )e' 2 e 3 3 = 



(3.3.22) 



ffij(ei) 







ff2i(e 2 )ae'^ + g3 3 (e 2 )be% = 



3,3 Cmotph pa3fleji [8]-3. 

3 '^Ecjih mm nojio>KHM ct — 1, & — 0, to jierKO BH^eTt, hto BeKTop ei opToroHajieH BeKTopy e2 h BeKTop e2 opToroHajieH BeKTopy 



< i- 



3.3. IlpilMCp 1 npOCTpaHCTBa MlIHKOBCKOrO pa3MCpHOCTIl 3 



HapaBeHCTB (3.3.18), (3.3.21), (3.3.22), cjie^yeT 
(3.3.23) e 'i = ae' 2 + be% = 

H3 paBeHCTBa (3.3.23) cjie^yeT, hto mbi mojkem nojiojKiiTb 
(3.3.24) 

CorjiacHO TeopeMe 3.3.1 h paBCHCTBy (3.3.24), 
5u (e 3 ) 



e n 3 = e'% = -b e% = a 



, (-bfa + 2(-b) 3 (ar + (~b)(a) 5 
1 + — — — 312(63) = 



(3.3.25) 



1 



ah 



(a 2 + b 2 f 



b 2 



922 (e 3 ) = 1 



3i3(e 3 ) 

323 (e 3 ) 
333 (e 3 ) 



Ha pa B eHCTB (3.3.20), (3.3.24), (3.3.25) cjie^yeT 

g zj (e 3 )e n 3 e' 2 = g l2 (e 3 )e n 3 a + g i3 (e' 3 )e n 3 b 
= gmfaWla + gsaQ&Wlb 
= {—b)a + ab = 
CjieflOBaTejibHO, BeKTopti e' 1; e' 2 opToroHajibHM BGKTopy e' 3 . 

IloCKOJIbKy 



to /jjiiiHa BeKTopa 



— // — / 

e 1 = e 1 



paBHa 1. nocKOjibKy 
to .zyiiraa BeKTopa 



— // 

e 2 



F 2 (e[) = l 

(l\ 



W 

F 2 (e' 2 ) = a 2 + b 2 
( 

1 _, 



Va 2 + b 2 



Va 2 + b 2 
b 



paBHa 1. HocKOjibKy 



F 2 (e> 3 ) = (-b) 2 + (a) 2 = b 2 + a 2 



:i<> 



3. IlpiiMcpbi npocTpaHCTBa MliHKOBCKOrO 



to ^jniHa BeKTopa 



1 



Va 2 + b 2 



Va 2 + b 2 
a 



paBHa 1. CjieflOBaTejibHO, 6a3HC e" HBjiaeTCH opTOHopMHpoBaHHbiM 6a3iicoM. Ba3HCbi e" h e CBH3aHbi nacciiB- 
HbiM npeo6pa30BaHiieM 

(l \ 

a 6 



(3.3.26) 



ei e 2 e 3 







V° Va 2 + & 2 Va 2 + 6 2 / 
TEOPEMA 3.3.3. KoMnoHenmu MempuuecKozo meH3opa omHocumeAbHO 6a.3uca e" UMewm eud 



Va 2 + b 2 Va 2 + b 2 
b a 



(3.3.27) 



9"{e'{) 



(l 
1 








ah 



\ 

1 a 2 - b 2 



b 2 2 a 2 



la 2 



(3.3.28) 



i 



2 a 2 + b 2 
ab 



b 2 



ab 



(3.3.29) 



9"{e'i) 



a 2 + b 2 








1 
1 



1 
1 



ab 

1 ~ a 2 + b 2 J 
\ 
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^,OKA3ATEJibCTBO. H3 paBeHCTB (2.5.3), (3.3.18), (3.3.26), cjie^yeT 



(3.3.30) 



<i(ei') 

9'UeD- 

9'IM) 



:<?n(eiO = l 

■gi2(e'{)Al+g l3 (e'{)Al=0 
■ g 12 (e'{)Al+g 13 (e'{)A 3 3 =0 
: g 2 2{e'{)AlAl + 2g 23 {e>[)A\A\ + g 33 (e1)A s 2 A 3 2 

1 



ab 



ab 



b 2 



b 2 



■b 2 



a 2 + b 2 



-ab 



1 



ab 



la 1 



tiM) = 922(e'{)A 2 2 A 2 + 9 2s(e1)AlAl + g 23 (e'{)A 2 3 A 3 + 3»3@0^i 
9'iM) 



b 2 



1 1 

22i 



b 2 



b 2 



-b 2 



9 22(e'{)A 2 A 2 + 2g 23 (e'{)A 2 A 3 + g 33 {e'{)AlAl 
b 2 ab a 2 ab 



= 1 - 



b 2 a 2 + b 2 a 2 + b 2 a 2 + b 2 

PaBeHCTBO (3.3.27) cjie^yeT H3 (3.3.30). H3 paBeHCTB (2.5.3), (3.3.21), (3.3.26), cjie^yeT 

j, - ab 



(3.3.31) 



9'{i(e 2 ') 
9'Ue'i) 



■ 511(4') = 1 + 



b 2 



: <m(eM + 9i2{e'i)A 2 + ff i 3 (eM = 



ffM) = Sn^M + .912 (eM + 0i 3 (eM = 

<&K) = ObC^M^ + 2g 23 {e'£)AlAl + g 33 (e^)A 3 2 A 3 2 
a 2 b 2 

1 



-b 2 



b 2 



9^2) = 922(e 2 ')AUl + 933^) AUl = 

9' 3 'M) = 922 {e'i)A 2 A 2 + 2g 23 (e' 2 ! )A 2 3 A 3 + fe^M^I 
b 2 a 2 



a 2 + b 2 a 2 +b 2 



= 1 



PaBeHCTBO (3.3.28) cjie^yeT H3 (3.3.31). H3 paBeHCTB (2.5.3), (3.3.25), (3.3.26), cjie/ryeT 

ab 



(3.3.32) 



g'lx (e 3 = 911(53) = 1- 



b 2 



g'Un) = gn(n)Al + gi 2 {e' 3 ')A 2 + g 13 {e'i)Al = 



5i' 3 (e 3 ') 



: sii (eM + gn(n)A 2 3 + gi^A 3 = 

: g 22 ^i)A 2 A\ + 2g 23 (e»)A 2 2 A 3 + g 33 {e'i)A 3 A 3 
a 2 b 2 



a 2 + b 2 a 2 + b 2 



g 2 M) = 922{e' 3 ')A 2 A 2 + g 33 (n)AlAl = 



g'JM) = 92 2 (n)A 2 3 A 2 + 2g 23 (e>>)A 2 A 3 + g 33 {e'£)A 3 A 3 
a 

PaBencTBO (3.3.29) cjie^yeT H3 (3.3.32). 



b 2 



b 2 



□ 
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3. IlpiiMcpbi npocTpaHCTBa MliHKOBCKOrO 



CjlEflCTBHE 3.3.4. Mampuvfl (2.3.9), coomeemcmeywmflsi cfiuHCJiepoeou MempuKe, onpedeAeHHoil paeen- 
cmeoM (3.3.1), MeAJiemcM duazcmaMinou Mampuv,eu. □ 

3.4. ripHMep 2 npocTpaHCTBa MnHKOBCKoro pa3MepHOCTH 3 

Mm paccMOTpiiM npiiMep (piiHCjiepoBoii MeTpiiKii npocTpaHCTBa MiiHKOBCKoro pa3MepHOCTH 3 (paccMaT- 
pHBaeMaa MeTpHKa HBjiaeTCH nacTHbiM cjiynaeM MeTpiiKH [12]-(3)) 

(341) ^w<' , »' + «' + '''''»( 1+ wwW 

TEOPEMA 3.4.1. (PuHCJiepoea MempuKa F 2 , onpedeAeHHasi paeencmeoM (3.4.1) nopoatcdaem Mempuny npo- 
cmpancmea Muhkobckozo 

_ {v 1 ) 3 ^ 2 ) 3 + {v 1 ) 3 v 2 {v 3 ) 2 
1 ~ ((u 1 ) 2 + {v 2 ) 2 + (v 3 ) 2 ) 3 

6^2)3(^3)2 + 3^1(^2)5 + 3^1^2^3)4 
((V 1 ) 2 + (V 2 ) 2 + {v 3 ) 2 ) 3 

1 jv 1 ) 6 + Gjv 1 ) 4 ^ 2 ) 2 - Sjv 1 ) 2 ^ 2 ) 4 + 4(v v ) 4 (v 3 ) 2 + 3(v v ) 2 (v 3 ) 4 

2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
(tjW - Zjv 1 ) 2 ^ 2 )^ 3 - 3(^)V(i; 3 ) 3 

((i; 1 ) 2 + (w 2 ) 2 + (i> 3 ) 2 ) 3 

(^1)3^,2)3 _ 3(^1)5^2 _ 3^1)3^2^3)2 

1+ ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

S^ 1 ) 3 ^ 2 ) 2 ^ 3 - {v 1 )^ 3 - {v 1 ) 3 ^ 3 ) 3 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

3(^1)3^2^3)2 _ (^1)5^2 _ (^1)3(^2)3 
1+ {(v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 

^,OKA3ATEJibCTBO. H3 paBCHCTBa (3.4.1) cjie^yeT 

dF 2 (v) _ ! Ziv^fv 2 ^ 1 ) 2 + (t; 2 ) 2 + jv 3 ) 2 ) - {v^v^v 1 
dv 1 V + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

! Z^fv 2 + Ziv 1 ) 2 ^ 2 ) 3 + Z^fv 2 ^ 3 ) 2 - 2{v 1 ) i v 2 





9n(v) 


(3.4.2) 




(3.4.3) 


9i2 (v) 


(3.4.4) 


913 (v) 


(3.4.5) 


g22(v) 


(3.4.6) 


923{v) 


(3.4.7) 


533 (v) 



(3.4.8) = 2v 

= 2v 1 



({v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 
(v 1 )^ 2 + 3(^)> 2 ) 3 + Sjv^v 2 ^ 3 ) 2 

((„1)2 + („2)3 + („3)2)2 



dF 2 (v) _ o 2 jv 1 ) 3 ^ 1 ) 2 + jv 2 ) 2 + jv 3 ) 2 ) - (v 1 ) 3 v 2 2v 2 
8v 2 V + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

(v^ + (v 4 ) 3 (v 2 ) 2 + ^) 3 (v 3 ) 2 ~2(vy(v 2 ) 2 
1 ' ' ' ({v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

2 jv 1 ) 5 + (v r ) 3 {v 3 ) 2 ~ {v 1 ) 3 ^ 2 ) 2 
~ V + ((^1)2 + (,,2)2 + (^3)2)2 



3.4. IlpiiMep 2 npocTpaHCTBa MimKOBCKoro pa3McpHOCTH 3 



(3.4.10) 



dF 2 {v) 



-2(^)W 



= 2v 3 



(3.4.11) 



(3.4.12) 



= 1 



g v 3 {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 )" 2 

Ha pa B eHCTB (2.2.2), (3.4.8), (3.4.9), (3.4.10) cjieflyeT 

9u{v) 

1 (4(^) 3 z; 2 + 6z; V) 3 + 6V 1 v 2 ^ 3 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

- 1 + 2 ((,,1)2 + (^2)2 + (^3)2)4 

1 (u 1 ) V + S^ 1 ) 2 ^ 2 ) 3 + 3(^) 2 v 2 (v 3 ) 2 

~ 2 (( w l)2 + („2)2 + ( w 3)2)4 

*2((w 1 ) 2 + ( U 2 ) 2 + ( U 3 ) 2 )2 U 1 

(2(^)V + 3^(t; 2 ) 3 + 3u Vfo 3 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (t; 3 ) 2 ) 

(( w l)2 + ( W 2)2 + ( W 3)2)3 

((t. 1 ) 4 ^ 2 + 3(^) 2 (« 2 ) 3 + 3(i; 1 ) 2 « 2 (« 3 ) 2 )2^ 1 
((i; 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2(v 1 ) 5 v 2 + Sjv 1 ) 3 ^ 2 ) 3 + 3(^) 3 i; 2 (z; 3 ) 2 
+ {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2(^1)3^2)3 + 3 „1(„2)5 + 3^2)3(^3)2 
((^1)2 + („2)2 + ( w 3)2)3 

2(t; 1 )V (i> 3 ) 2 + 3«> 2 ) 3 (?; 3 ) 2 + 3^^ 2 (^ 3 ) 4 
((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

2{v 1 fv 2 + ^v 1 ) 3 ^ 2 ) 3 + e^ 1 ) 3 ?; 2 ^ 3 ) 2 

(( W l)2 + („2)2 + ( w 3)2)3 

312 («) 

_ 1 (5(^) 4 + ijv 1 ) 2 ^ 3 ] 2 - ijv 1 ) 2 ^ 2 ) 2 )^ 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

- 2 ((^1)2 + („2)2 + (^3)2)4 

1 ((v 1 ) 5 + (i; 1 ) 3 ^ 3 ) 2 - (t; 1 ) 3 ^ 2 ) 2 ^^ 1 ) 2 + (t> 2 ) 2 + (^ 3 ) 2 )2t; 1 
~2 ((u 1 ) 2 + (u 2 ) 2 + (u 3 ) 2 ) 4 

_ 1 (5(^) 4 + 3(^)> 3 ) 2 - 3(« 1 ) 2 (t; 2 ) 2 )((« 1 ) 2 + jv 2 ) 2 + jv 3 ) 2 ) 

~2 (^1)2 + ^2)2 + ^3)2)3 

1 ((v 1 ) 5 + (z; 1 ) 3 ^ 3 ) 2 - (z; 1 ) 3 ^ 2 ) 2 ^ 1 
~ 2 ((w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

_ i s^ 1 ) 6 + 3(^)> 3 ) 2 - afo 1 ) 4 ^ 2 ) 2 

" 2 ((i; 1 ) 2 + (w 2 ) 2 + (« 3 ) 2 ) 3 

1 S^ 1 ) 4 ^ 2 ) 2 + Sfo 1 ) 2 ^ 2 ) 2 ^ 3 ) 2 - 3(^) 2 (« 2 ) 4 
f 2 ((i; 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

1 5(^) V) 2 + 3j^)Vy - 3(^) 2 (?; 2 ) 2 (?; 3 ) 2 
f 2 ((w 1 ) 2 + (« 2 ) 2 + (w 3 ) 2 ) 3 

1 -4Q; 1 ) 6 - 4(^) 4 (« 3 ) 2 + 4(^) 4 ^ 2 ) 2 

f 2 (( w l)2 + ( w 2)2 + ( w 3)2)3 
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3. IlpHMcpbi npocTpaHCTBa Mhhkobckoto 



(3.4.13) 



(3.4.14) 



(3.4.15) 



(3.4.16) 



1 (-6(t; 1 ) 2 « 2 « 3 )((z; 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 

9l3{v)- 2 ((w l)2 + ( u 2)2 + ( u 3)2)4 

1 (-2(v 1 ) 3 v 2 v 3 )2((v 1 ) 2 + (t» 2 ) 2 + (v 3 ) 2 ^ 1 

2 ((„1)2 + („2)2 + (^3)2)4 

_ (-3(i; 1 ) 2 t; 2 z; 3 )((z; 1 ) 2 + (i; 2 ) 2 + {v 3 ) 2 ) + {{v 1 ) 3 v 2 v 3 )Av 1 

((„1)2 + („2)2 + ( w 3)2)3 

-i{v 1 ) i v 2 v 3 - S^ 1 ) 2 ^ 2 ) 3 ?; 3 - 3(w 1 ) 2 w 2 (« 3 ) 3 ) + ±(v 1 ) i v 2 v 3 



922(v)= 1 + 



(( w l)2 + ( w 2)2 + ( i; 3)2)3 

1 (-2(« 1 ) 3 w 2 )((w 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 2 



2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 4 

1 ((f 1 ) 5 + (f 1 ) 3 ^ 3 ) 2 - (v 1 ) 3 ^ 2 ) 2 ^ 1 ) 2 + (i; 2 ) 2 + (i; 3 ) 2 )2^ 2 

2 ((z; 1 ) 2 + (z; 2 ) 2 + (z; 3 ) 2 ) 4 

(-(" 1 ) 3 ^)((^ 1 ) 2 + (^) 2 + (^ 3 ) 2 ) 
+ {(v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 

((v 1 ) 5 + (v 1 ) 3 ^ 3 ) 2 - (v 1 ) 3 ^ 2 ) 2 ^ 2 
((t^) 2 + (u 2 ) 2 + (t> 3 ) 2 ) 3 

-(z; 1 ) 5 ?; 2 - (z, 1 ) 3 ^ 2 ) 3 - (z, 1 ) 3 ?; 2 ^ 3 ) 2 
- 1+ ((t; 1 ) 2 + (t; 2 ) 2 + (t; 8 ) 2 ) 3 

{-2{v r fv 2 - 2{v 1 ) 3 v 2 (v 3 ) 2 + 2(z> 1 ) 3 (z> 2 ) 3 

+ ((,,1)2 + (V 2 ) 2 + (V 3 ) 2 ) 3 

523 (v) 

_ 1 (-2( t ; 1 ) 3 t, 3 )((t> 1 ) 2 + (z, 2 ) 2 + (v 3 ) 2 ) 2 
~ 2 ((z, 1 ) 2 + (v 2 ) 2 + (z; 3 ) 2 ) 4 

1 (-2(t; 1 ) 3 ^ 2 t; 3 )2((t; 1 ) 2 + (f 2 ) 2 + (z; 3 ) 2 )2z> 2 
~2 ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 )* 

-(z, 1 ) 3 !, 3 ^ 1 ) 2 + (z> 2 ) 2 + (v 3 ) 2 ) + 2{v 1 ) 3 v 2 v 3 2v 2 
~ ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

_( W 1)5 W 3 _ (w l)3 (w 2)2 w 3 _ („l)3( w 3)3 + 4^1)3^2)2^3 
- ((^1)2 + ^2)2 + (^3)2)3 

533 {v) 

1 (-2(« 1 )V)((z; 1 ) 2 + (z, 2 ) 2 + (z, 3 ) 2 ) 2 

2 ((i; 1 )2 + ( W 2)2 + ( w 3)2)4 

1 (-2(t, 1 ) 3 « 2 ^ 3 )2((t; 1 ) 2 + (z> 2 ) 2 + (z> 3 ) 2 )2z; 3 

_ 2 ((v 1 ) 2 + ( V 2 ) 2 + (v 3 ) 2 ) 4 

(-(v^v^Hv 1 ) 2 + (v 2 ) 2 + (z, 3 ) 2 ) + (2(v 1 ) 3 v 2 v 3 )2v 3 



= 1 



((w 1 ) 2 + (w 2 ) 2 + (w 3 ) 2 ) 3 

( W 1)5 W 2 _ ( w l)3 (u 2)3 _ (w l)3 v 2 (v 3)2 +4(u l)3 v 2 (t; 3)2 



((U 1 )2 + ( W 2)2 + ( W 3)2)S 



3.4. IlpilMCp 2 npOCTpaHCTBa MHHKOBCKOrO pa3MCpHOCTH 3 
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PaBencTBO (3.4.2) cjie^yeT H3 paBencTBa (3.4.11). PaBeHCTBO (3.4.3) cjie^yeT H3 paBeHCTBa (3.4.12). PaBeHCTBO 
(3.4.4) cjiepyei H3 paBeHCTBa (3.4.13). PaBeHCTBO (3.4.5) cjie^yeT hs paBCHCTBa (3.4.14). PaBeHCTBO (3.4.6) 
cjie^yeT H3 paBeHCTBa (3.4.15). PaBeHCTBO (3.4.7) cjie,nyeT H3 paBGHCTBa (3.4.16). □ 

TEOPEMA 3.4.2. (PuHCJiepoea MempuKa F 2 , onpedeAeHHasi paeencmeoM (3.4. 1), nopootcdaem HecuMMem- 
puHHoe omnomenue opmozoHaAbHocmu. Odnano cymficmeywm eenmopu v, w, djisi Komopux orrmomeHue op- 
moBOHaAbHocmu cuMMempuHHO. 

,3,OKA3ATEJibCTBO. Mh h&hhcm npone/rypy opToroHajni3aiiHH 35 c 6a3iica 















ei = 





e 2 = 


1 




















HycTb 



f'i 



.,'2 



.12 



opToroHajibHbifi 6a3iic. Tax KaK bgktop e' 2 opToroHajieH BGKTopy e' 1; to corjiacHO onpeflejieHHio 2.3.1 



3y(e'i) 



(3.4.17) 

CorjiacHO paBeHCTBaM (3.4.2), (3.4.3), (3.4.4), 

3ii (ei) = 1 

(3.4.18) 

H3 paBGHCTB (3.4.17), (3.4.18) cjie^yeT 
(3.4.19) 



9i2 (ei) 
522 (ei) 



5i3 (ei) 
523 (ei) 
533 (ei) 



nocKOjibKy 3HaneHHe e '| npoii3BOjiBHO, mbi nojiojKHM 



2 

3.6 



(3.4.20) 



p' 1 

e 2 



='2 



2a 



p'3 
e 2 



Koop^,HHaTbi BeKTopa e 2 onpeflejieHBi c tohhoctbio pp npoii3BOjiBHoro MHOJKiiTejia. ITosTOMy, He napyniaa 
o6ihhocth, mbi mojkbm no^ejiHTb KOopfliinaTbi BeKTopa e' 2 Ha a. ITpii stom mbi ^ojckhbi paccMOTpeTB ,n,Ba cjiy- 
naa. Mbi paccMOTpHM npoue/rypy opToroHajiH3an,iiH, Kor^a a = 0, b no^pasflejie 3.4.1. Mbi yBH/niM, hto b stom 
cjiynae OTHonieHiie opToroHajiH3aiiiiH KOMMyTaTiiBHO. Mbi paccMOTpHM npoueflypy opToroHajni3airiiH, KOiyja 
a 7^ 0, b noflpa3flejie 3.4.2. Mbi yBH^HM, hto b 3tom cjiynae OTHonieHiie opToroHajiH3aHiiii HeKOMMyTaTHBHO. □ 



3 '^Cmotph pa3fleji [8]-3. 

3 '^EcjIIl Mbi nOJIOJKHM a - 



■■ 0, to jierKO BHfleTt, hto BeKTop ei opToroHajieH BeKTopy ei a BeKTop ei opToroHajieH BeKTopy 



ei. 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



3.4.1. npoii,eflypa opToroHajiH3au,HH 6a3Hca, (a = 0). ITocKOjibKy b npoH3BOjibHO, mm mcoksm no- 
jiojkhti. 6=1. CjieflOBaTejibHO, BeKTop e' 2 HMeeT BHfl 



(3.4.21) 





w 



CorjiacHO TeopeMe 3.4.1 h paBeHCTBy (3.4.21), 

5ii (e 2 ) = 1 9i2(e 2 ) = 313(62) 







(3.4.22) 

H3 paBeHCTB (3.4.20), (3.4.22) cjieflyeT 



S22(e' 2 ) = 1 523(e 2 )=0 
533 (e 2 ) = 1 



5y(e 2 ) 



922(e' 2 )e'l =0 



Cjie/i,OBaTejibHO, BeKTop e[ opToroHajieH BeKTopy e 2 . 

Tax KaK BeKTop e' 3 opToroHajieH BeKTopaM e[, e 2 , to corjiacHO onpeflejieiniio 2.3.1 



fl«(8i)eVj = 

(3.4.23) //:,(-' )e% = 
H3 paBeHCTB (3.4.18) (3.4.22), (3.4.23), cjie^yeT 

(3.4.24) e 
H3 paBeHCTBa (3.4.24) cjie^yeT, hto mh mojkem nojiojKiiTb 



93j{e 2 



2° 3 
1 J 



, + -e'o 
3 2 3 



e' 3 



(3.4.25) 



o'l 



.,'2 



J3 



CorjiacHO TeopeMe 3.4.1 h paBeHCTBy (3.4.25), 



(3.4.26) 



<?n(e 3 ) = 1 + 
512(63) 
5i 3 (e 3 ) = 
5 22 (e 3 )=l + 
523(4) = 
533(4) = 1 + 



-(-l) 3 2 3 + 3(-l)2 5 



((-l) 2 + 2 2 ) 3 
1 (-1) 6 + 6(-l) 4 2 2 - 3(-l) 2 2 4 

2 



H3 paBeHCTBa (3.4.26) cjie^yeT 



(3.4.27) 



5(4) 



((-1) 2 + 2 2 ) 3 

(~l) 3 (2) 3 -3(-l) 5 2 
((-1) 2 + 2 2 ) 3 

-(-1) 5 2 - (-1) 3 2 3 
((-l) 2 + 2 2 ) 3 

125 250 
123 
125 



V 





27 
25 



3.4. IlpilMCp 2 npOCTpaHCTBa MtlHKOBCKOrO pa3MCpHOCTH 3 
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Hs paBeHCTB (3.4.20), (3.4.25), (3.4.27) cjieflyeT 

125 v ' 250 25 
9ij (e'sWWi = 933{e 3 )e'l = 
CjieflOBaTejibHO, BeKTop e' 2 opToronajieH BeKTopy e' 3 h BeKTop ~e' x He opToroHajieH BeKTopy e' 3 . 

IIoCKOJIBKy 

to ^.jiHHa BeKTopa 

fl\ 



v°y 
i 



paBHa 1. rtocKOjibKy 
to ^,jiHHa BeKTopa 





VV 

(-1) 3 2 _ 23 

(~i) 2 + 2 2 ~ y 

"V^3 

V 23 
V J 

paBHa 1. CjieflOBaTejibHO, 6a3HC e" HBjiaeTCH opTOHopMHpoBaHHbiM 6a3iicoM. Ba3HCbi e" h e CBH3aHbi naccHB- 
hbim npeo6pa30BaHiieM 



paBHa 1. HocKOjibKy 



to ,n,jiHHa BeKTopa 



F 2 (e' 3 ) = (-l) 2 + 2 2 + 



5 ^ 



(3.4.28) 



< : '3 



2 



1 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



TEOPEMA 3.4.3. KoMnoHenmu MempuuecKozo meH3opa omnocumeAbHO 6a.3uca e" UMemm eud 



(3.4.29) 



K) 



(l \ 
1 






20 

V° 23/ 




(3.4.30) 



1 



(3.4.31) 



TO 





xf 1 o 

V 23 


25 


V 


23 


/ 


37 


123 




125 


125 




123 


27 




125 


25 




12 /J 





V 


25 V 23 



12 

~25 



5^ 
23 







^OKA3ATEJibCTBO. H3 prbghctb (2.5.3), (3.4.18), (3.4.28), cjie^yeT 



(3.4.32) 



gun 
gun 

gWi 
g'Un 

gun 



) = g n (e'!) = i 
) = rf)4 = o 

) = g xl {e'()A\ + g X2 {e'{)Ai = - + \ 2^J = 
) = g^{)A\A\ = \ 
) = g 13 (e'!)AUl+92s(e'!)AlAl = 
= 9xi{e'{)A\A\ + 2g u {e'{)A\Al + ff22 (e'/)^I^I 




„ 5 20 
4 * — = — 
23 23 



5 „ 

= h 2 * - 

23 2 

PaBencTBO (3.4.29) cjie^yeT H3 (3.4.32). Hs paBeHCTB (2.5.3), (3.4.22), (3.4.28), cnepyei 

5i'i(e 2 ')=l 

gU^) = 9i 3 (e^)A 3 2 = 



(3.4.33) 



ffM) = 5n(e 2 ')^ 3 + ,9i 2 (e 2 ')A| = 

^' 2 (e 2 ') = 333(e 2 ')^l = l 

5 2 ' 3 (e 2 ') = g^{e'i)AlA\ + g^)A\A\ = 

ggs&Z) = 9n(n)AlAl + 2g 12 (e»)AlAl + g^)A\A\ 



5 

23 



- 4 * 



23 



25 
23 
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PaBeHCTBO (3.4.30) cjie^yeT H3 (3.4.33). H3 paBeHCTB (2.5.3), (3.4.27), (3.4.28), cjie/ryeT 



(3.4.34) 



37 

sM) = 0ii&') = ^ 



125 



123 
125 



_ 27 
~ 25 

5 2 ' 3 (e 3 ') = m{^)AlA\ + 9 ^)AlA\ 

9Un) = 9ix&l)A\A\ + 2g 12 {e'i)A\Al + g^)A\A 
37 5 
~~ 125 23 

PaBeHCTBO (3.4.31) cjie/ryeT 113 (3.4.34). □ 

CjlEflCTBHE 3.4.4. OmHocumejibHO 6a,3uca e" , onpedeAeuHozo paeencmeoM (3.4.28), Miampuup, (2.3.9), 
coomeemcmeymvu^asi qiuncjiepoeou MempuKe F 2 , onpedejienHou paeencmeoM (3.4.1), UMeem eud 

I 1 n n\ 







„, 23 . 5 123, 5 

2( )2 * 1 4 * — = 1 

v 250 ; 23 125 23 



(3.4.35) 



1 
1 

12 ^ 1 



V 25 V 23 



□ 



3.4.2. IIpou,eflypa opToroHajiH3airHn 6a3Hca, (a 7^ 0). HocKOjibKy b npoiQBOjitHO, mm mojksm no 
jiojkhti. a = 1. CjieflOBaTejibHO, bgktop e 2 HMeeT bh,h, 

f-l\ 



(3.4.36) 



2 

V 6 / 



CorjiacHO TeopeMe 3.4.1 h paBencTBy (3.4.36), 

(-1) 3 2 3 + (-1) 3 26 2 6(-l)2 3 6 2 + 3(-l)2 5 + 3(-l)26 4 



(3.4.37) 



3n(e 2 J 
312(^2) 
5i3 (e 2 ) 
322 (e' 2 ) 
to (e' 2 ) 
333 (e 2 ) 



= 1 



1 ((-l) 2 + 2 2 + 6 2 ) 3 ' ((-l) 2 + 2 2 + 6 2 ) 3 

1 (-1) 6 + 6(-l) 4 2 2 - 3(-l) 2 2 4 + 4(-l) 4 fr 2 + 3(~1) 2 & 4 

2 ((-l) 2 + 2 2 + 6 2 ) 3 
(-1) 4 26 - 3(-l) 2 2 3 b - 3(-l) 2 2fr 3 

((-l) 2 + 2 2 + & 2 ) 3 
'-1) 3 2 3 - 3(-l) 5 2-3(-l) 3 26 2 
((-l) 2 +2 2 + 6 2 ) 3 
3(-l) 3 2 2 fr- (-1) 5 6- (-l) 3 b 3 
((-l) 2 + 2 2 + 6 2 ) 3 
3(-l) 3 2b 2 -(-l) 5 2-(-l) 3 2 3 
1+ ((-l) 2 + 2 2 +6 2 ) 3 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



H3 paBeHCTB (3.4.37) cnepyeT 



(l- 



(3.4.38) 



9<&) 



+ 46b 2 + 6b 4 
(5 + b 2 ) 3 



-23 + 4b 2 + 3b 4 
2(5 + b 2 ) 3 

-2 + 6b 2 
+ (5 + b 2 ) 3 



V 



H3 paBeHCTB (3.4.20), (3.4.38) cjie^yeT 

gijie-iWWl] = gii(e' 2 )e n 2 
e 8 + 46b 2 + 6b 4 



= (1 



= -1 + 



(5 + b 2 ) 3 



)(-l) 



-23 + 4b 2 + 36 4 , 
2(5 + b 2 ) 3 ' 



-226- 6b 3 

(5 + b 2 ) 3 
-lib + b 3 

(5 + b 2 ) 3 

-6b 2 + 10 
f (5 + b 2 ) 3 J 



-22b- 6b 3 , 



(5 + b 2 ) 3 



88 + 46b 2 + 6b 4 -23 + 4b 2 + 3b 4 -22b 2 - 6b 4 



(5 + b 2 f 



65 + 28b 2 + 3b 4 _ 
+ (5 + b 2 ) 3 
-b 4 - lb 2 - 12 



(5 + b 2 ) 3 

13 + 3b 2 
+ (5 + b 2 ) 2 



(5 + b 2 ) 3 
-b 4 - 10b 2 - 25 + 13 + 3b 2 
(5 + b 2 ) 2 



(5 + b 2 ) 2 

IIojiyHeHHoe BbipajKeHiie OTpHuaTejibHO fljia: jiio6oro SHa^ieHHs b. CneflOBaTejibHO, bgktop He opToronajieH 
BeKTopy e' 2 ■ 

Tax KaK BeKTop e 3 opToroHajieH BeKTopaM e' 1; e 2 , to corjiacHO onpeflejieHHio 2.3.1 



QiMWWi = 



(3.4.39) 



9ij(e'i) 



-b' 







-Gij&Wi + W^aVs + bg 3j (e' 2 )e'i = 



H3 paBeHCTB (3.4.18) (3.4.38), (3.4.39), cjie^yeT 
(3.4.40) 



,'2 



3 T- 2 e '3 = 



(3.4.41) 



-(1 



46b 2 + 6b 4 N ,1 -23 + 4b 2 + 3b 4 , 2 
e , — tttto e , 



(5 + b 2 ) s 
-23 + 4b 2 + 3b 4 , 
2(5 + b 2 ) 3 63 



2(5 + b 2 ) 3 



-22b -6b 3 , 3 
(5 + b 2 ) 3 63 



e'a+2(l 



-2 + 6b\ , 2 _ -life + 6 3 



,'3 



(5 + b 2 ) 3 ' 



(5 + b 2 ) 



3 c 3 



+b- 



-22b- 6b 3 



e -+b-- m + ^' 2 



(5 + b 2 ) 3 ~ 3 (5 + b 2 ) 3 3 
H3 paBeHCTBa (3.4.40) cjie^yeT, hto mm moxsm hojiojkhtb 



-6b 2 + 10. , 3 n 



(3.4.42) 



-c e' 2 = 2c 
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H3 Polbghctb (3.4.41), (3.4.42) cjie^yeT 



88 . -23 + 46 2 + 36 4 -23 + 46 2 + 36 4 
(1 - — c + — — 2c - 2 — — c 



2(5 + 6 2 ) 3 



2(5 + 6 2 ) s 



(3.4.43) 



4(1 



2 + 66 2 N -226 - 66 3 -116+ 6 3 
)c - b , ONO c + 26 , nso c 



(5 + 6 2 ) 3 

-226 - 66 3 /3 -116 + 6 3 , 3 
(5 + 52)3 e 3~ (5 + 6 2 ) 3 63 



(5 + 6 2 ) 3 

s'S - 2 



6(1 



(5 + 6 2 ) 3 
-66 2 + 10 , 3 



(5 + 6 2 ) 



-y 3 



HycTb 6 ^ 0. H3 paBeHCTBa (3.4.43) cjie^yeT 



(5 



-50 - 306 2 - 46 4 
(5 + 6 2 ) 3 



)c=(-b + 



-2b 3 - 106 , 3 

(5 + 62)3 ) e 3 



-4(6 2 + 5) 2 + 10(6 2 + 5) , 
( 5 + ^2)3 ) c = + 2 

(5 + - 4( j 2+ 3 + 10 )r = -(l 



6 2 +5 



(5 + 6 2 ) 



3^ e 3 



(5 + 6 2 ) 2 'b 



(5 + 6 2 )' 



(3.4.45) 

143 paBeHCTBa (3.4.45) cjie^yeT 



r.>, 



(5(5 + b z Y - 4(6 2 + 5) + 10)- = -((5 + b z Y + 2)e' a 



(3.4.46) 



. ,/3 



c 5(5 + 6 2 ) 2 - 4(6 2 + 5) + 10 _ c 4(6 2 + 5) 

6 (5 + 6 2 ) 2 + 2 __ 6 ( ~ (5 + 6 2 ) 2 +2^ 



H3 paBGHCTB (3.4.42), (3.4.46) cne^yer, hto c 7^ npoH3BOjiBHO 11 mm mojkbm nojiojKHTb c = 1 



(3.4.47) 



/ 



3 ' 7 ECJIH 6 — 0, TO 



H3 paBBHCTB (3.4.43) cnesyeT 



23 



5 3 ' 2 * 5 3 



-c - 2 * 



1 

2 

4(6 2 + 5) 
(5 + & 2) 2 + 2 yy 



f-i\ 
2 

\°J 

—23 2 
__ c + 4 *(l--) c = 



(3.4.44) 
H3 paBe 

h He Hapyniaa o6ihhocth, mbi nojio>KHM 



96 \ 

5 c = 

125 / 



H3 paBeHCTBa (3.4.44) cjie^yeT, mto c = 0. H3 paBeHCTBa (3.4.42) cjieflyeT, ito e'g = e'| = 0. CneflOBaTejiBHO, e'3 7^ npoH3BOJiBHO, 



w 

B noflpa3flejie 3.4.1, mbi noKa3ajin, mto OTHOiueHHe opToroHajiBHOCTii bcktopob h chmmctphhho. CjieflOBaTejiBHO, ^J 13 Hac He 
HMeeT 3HaneHHa nopaflOK BeKTopoB e' 2 , e' s b 6a3nce. IlocKOjiBKy 6a3HC e' paccMOTpeH b noflpa3flejie 3.4.1, mbi He paccMaTpimaeM 
b 3tom noflpa3flejie cnyiaH b = 0. 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



IlycTb 

(3.4.48) 

Toiyja 

(3.4.49) 



4{b 2 + 5) 
b V" ~ (5 + 6 2 ) 2 +2 



f-l\ 

2 

yd j 

BeKTopti e>2, hmgiot noxoscne KOopflHHaTbi. 3 ' 8 CorjiacHO paBeHCTBaM (3.4.36), (3.4.38), (3.4.49), 

/ 88 + 46d 2 + 6<i 4 -23 + 4d 2 + 3d 4 -22d-6d 3 \ 
(5 + d 2 ) 3 2(5 + d 2 ) 3 (5 + d 2 ) 3 

-2 + 6d 2 -lld + d 3 



(3.4.53) 



9(%) 



(5 + d 2 ) 3 (5 + d 2 ) 3 

-6d 2 + 10 
1+ (5 + d 2 ) 3 / 



Tax Kax BeKTopti e' 2 , e' 3 HMeiOT noxo>KHe KOopfliinaTbi, to bgktop e[ He opToroHajieH BeKTopy e 3 . 

IIoCKOJIbKy 

to .zyiiraa BeKTopa 



F 2 (el) = l 



p" — p' 
' i — ' i 



paBHa 1. IIocKOjibKy 



^(^) = (-l) 2 + 2 2 + fe 2 + — ^ 





W 



(-1) 3 2 



(-l) 2 + 2 2 + 6 2 



5 + & 2 



b 2 



38 ycjiOBne 

(3.4.50) d = b 

03HanaeT paBeHCTBO bgktopob e' 3 , e' s . OflHaKO 113 paBeHCTB (3.4.48), (3.4.50) cnesyeT 

(3.4.51) 

IIoCKOJIbKy 



, 2 + 5 _ 4( fe2 + 5) 



(5 + 6 2 ) 2 + 2 



(3.4.52) 

TO paBeHCTBO (3.4.50) HeB03M0}KH0. 



(5 + b 2 ) 2 + 2 



< 1 
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to ^jniHa BeKTopa 



( I 5 + b 2 \ 
"V (5 + 6 2 ) 2 - 2 



5 + & 2 



(5 + & 2 ) 2 -2 



5 + b 2 



(5 + b 2 ) 2 -2 



5 + 6 2 



paBna 1. IIocKOjibKy 



to /jjiima BeKTopa 



F'(e' 3 ) = (-l) z + 2 2 + d 2 + 



V V (5 + 6 2 ) 2 -2 / 
(-1) 3 2 



(-l) 2 + 2 2 + d 2 



= 5 + d 2 - 



5 + d 2 



5 + d 2 



(5 + d 2 ) 2 -2 



Y (5 + tf 2 ) 2 -2 
/ 5 + d 2 

(5 + d 2 ) 2 -2 j 

paBna 1. CjieflOBaTejibHO, 6a3HC e" sBjraeTCH opTOHopMiipoBaHHtiM 6a3iicoM. 
ITycTb 



d 2 \ 



(5 + d 2 ) 2 -2 



5 + d 2 



(3.4.54) 



(3.4.55) 



ft 



fd — 



5 + b 2 



(5 + b 2 ) 2 -2 
' 5 + d 2 



(5 + d 2 ) 2 -2 



Ba3HCbi e" h e CBa3aHbi naccHBHbiM npeo6pa30BaniieM 







(l 


-fb 




(3.4.56) 


(e'{ e!i e£) = (ei e 2 e 3 ) 





2fb 


2f d 






[° 


bfb 


dfd j 



TEOPEMA 3.4.5. PaccMompuM npocmpancmeo Muhkogckozo c (puHCAepoeou MempuKou, onpedejiennou 
paeencmeoM (3.4.1). Tlycmb eenmopv uMeem Koopdunamu 

f-a\ 



(3.4.57) 



2a 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



Koopdunamu g(v) UMewm eud 



(3.4. 



.„ a 6 + 46a 4 7 2 + 6a 2 7 4 
9n(v)=l (5a2+7 2)3 

-23a 6 + 4a 4 7 2 + 3a 2 7 4 



gi2{v) 
g22(v) 



= 1 



2(5a 2 + 7 2 ) 3 
-22a 5 7 - 6a 3 7 3 

(5a 2 +7 2 ) 3 
-2a 6 + 6a 4 7 2 



2\3 



— 11a 7 + a 7 



(5a 2 + 7 2 ) 3 



933(v) = 1 + 



6a 4 7 2 + 10a b 
(5a 2 + 7 2 ) 3 



^OKA3ATEJlbCTBO. CorjiacHO TeopeMe 3.4.1 h paBeHCTBy (3.4.57), 

6(-a)(2a) 3 7 2 + 3(-a)2a 7 4 



(3.4.59) 



gu(v)= 1 + 



gi2(v) = 



gi3(v) 



522 (v) = 1 + 



(5a 2 +7 2 ) 3 
3(-a)(2a) 5 - (-a) 3 (2a) 3 - (-a) 3 2a 7 2 

(5a 2 +7 2 ) 3 

-48a 4 7 2 - 6a 2 7 4 - 96a 6 + 8a 6 + 2aS 2 

1 H ■ ■ — 

(5a 2 + 7 2 ) 3 

3(-a) 4 (2a) 2 +2(-a) 4 7 2 

(5a 2 +7 2 ) 3 
l a 6 -3(-a) 2 (2a) 4 + 3(-a) 2 7 4 

2 (5a 2 + 7 2 ) 3 

(-a) 4 2a 7 - 3(-a) 2 (2a) 3 7 - 3(-a) 2 2a 7 3 

(5a 2 + 7 2 ) 3 
2a 5 7 - 24a 5 7 - 6a 3 7 3 

(5a 2 +7 2 ) 3 
(-a) 3 (2a) 3 - 3(-a) 5 2a - 3(-a) 3 2a 7 2 



(5a 2 + 7 2S > 3 

„6 i C^,6 i R„,4„,2 



1 



-8a 6 + 6a 6 + 6aV 



g23(v) ■■ 



(5a 2 +7 2 ) 3 
3(-a) 3 (2a) 2 7 - (-a) 5 7 - (-a) 3 7 3 



2)3 



-12a 5 7 + a 5 7 + a 3 7 



333 ( w ) = 1 + 



(5a 2 + 7 2 ) 3 
3(-a) 3 2a 7 2 - (-a) 5 2a - (-a) 3 (2a) 3 



(5a 2 + 7 2 ) 3 

PaBeHCTBa (3.4.58) cjieflyiOT 113 paBGHCTB (3.4.59). 

TEOPEMA 3.4.6. KoMnonenmu MempunecKozo meH3opa omuocumeAbHO 6asuca e" UMewm eud 



□ 



(3.4.60) 



9 (ej 



1 











/ fc 2 (3 + & 2 ) f b f d (3 + bd) 
\0 fbfd(3 + bd) / 2 (3 + cP) J 
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9"{e'i) 
( 



88 + 466 2 + 66 4 
(5 + b 2 f 

(6 2 + 3)(6 2 +4) 



1 



(5 + 6 2 ) 2 



fb 



(& 2 + 3)(b 2 + 4) 
(5 + 6 2 ) 2 

1 



fb 





f-fe 4 - &^ + 10 


id 


^ (5 + 6 2 ) 2 

88 + 246 2 ^ 


(5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2)y 




/ / al.'2 , in\ 



\ 

9"(e'i) 

( 



b i -b 2 + 10 

(5 + 6 2 ) 2 
88 + 245 2 

(5 + fr 2 ) 2 ((5 + b 2 ) 2 + 2) 



1 



d 2 



(5 + 6 2 ) 3 
50+1106 2 + 126 4 

(5 + 6 2 ) 3 

646 2 , 2 

(5 + fr 2 ) 2 ((5 + fr 2 ) 2 + 2)J Jd \ l 



88 + 46d 2 + 6d 4 
(5 + d 2 f 



fb -1 + 



9d 2 + 35 



(5 + d 2 ) 2 
8(ll + 3ri 2 )(5 + fr 2 ) 

(5 + rf 2 ) 3 ((5 + & 2 ) 2 + 2) 



/b -1 



M £ + 35 



(5 + d 2 ) 2 
8(ll + 3rf 2 )(5 + fr 2 ) 
(5 + rf 2 ) 3 ((5 + fr 2 ) 2 + 2) 



, / / -6<F+ 10\ , 

50+ HOrf 2 + 12rf 4 

(5 + d 2 ) 3 
64rf 2 (5 + 6 2 ) 

+ (5 + rf 2 ) 3 ((5 + 6 2 ) 2 + 2) 



(rf 2 + 3)(rf 2 + 4) 
(5 + d 2 ) 2 



fd 



(d 2 + 3)(d 2 +4) 
(5 + d 2 ) 2 



fbfd 



I 4(5+h ) 
(5+6 2 ) a +2 

* |1 



(5 + rf 2 ) 2 
2 



(5 + rf 2 )' 



fbfd I - 

4(5+fc 2 ) 
~T (5+FF+2 

* (l 



(5 + d 2 ) 2 
2 



(5 + ri 2 )- 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



^,OKA3ATEJibCTBO. H3 paBeHCTB (2.5.3), (3.4.18), (3.4.56), cjie^yeT 
g'{ 1 {e'{) = g ll {e'{) = l 
ffl / 2 (ei') = 5ii(ei , M2 + 3i2(eM = 
g'lM) = 9n(n)A\ + gi2{e'{)Al = {) 
gUe'D = 9ii (e'{)AlAl + 2g 12 {e![)A\A\ 
+g %2 ^)A\A\+g 33 te<[)A\A\ 
= fi-2fi + 4fi + b 2 fi = fi(3 + b^) 
(3.4.63) { gi>M) = 9ii{e'{)AlA\ + g^{)A\A\ + g^{)A\A\ 



+g 22 (e'{)AlAl+g 3S (e>{)A 3 2 Al 

= (-fb)(-fd) + \{-h)Vd + \zhi-fd) 

= f b f d (3 + bd) 

\ = 9ll (e'{)AlAl + 2g 12 (e1)AlA 2 3 
+g 22 (e'{)AUl +g 33 (e>{)AlAl 
= / d 2 -2/ 2 + 4/J + d 2 /J = / 2 (3 + d 2 ) 



4/b/d + bf b df d 
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PaBeHCTBO (3.4.60) cjie^yeT H3 (3.4.63). H3 paBeHCTB (2.5.3), (3.4.38), (3.4.56), cjie^yeT 

88 + 466 2 + 66 4 



9i , i(e 2 ') = 5ii(4') = l- 
88 + 466 2 



1 - 
-1 



(5 + 6 2 ) 3 
65 + 2 86 2 + 36 



66 4 \ , -23 + 46 2 

\-h) + 



3b 4 



(5 + 6 2 ) 3 



-1 



-6 4 - 76 2 - 12 



2(5 + 6 2 ) 3 
36 2 + 13 

(5 + 6 2 ) 2 



2/h 



(6 2 + 3)(6 2 +4) f 
fh ~ (5 + 6 2 ) 2 h 



-22b -6b 3 
(5 + 6 2 ) 3 



(5 + 6 2 ) 2 

9'(M) = 9n(eZ)Al + g 12 {e>±)A 2 + g 13 (e%)A 3 3 
so ,. 46^2 



1 - 

-1 - 
= 1-1 + 



(5 + 6 2 ) 3 
65 + 506 2 + 9b 4 



6b 4 \ . -23 + 46 2 

\-Jd) + 



'3b 4 



22 + 6b 2 



2(5 + 6 2 ) 3 



2/d 



4(5 + 6 2 ) 



1 



(5 + 6 2 ) 3 (5 + 6 2 ) 3 

65 + 506 2 + 9b 4 22 + 6b 2 

(5 + 6 2 ) 3 (5 + 6 2 ) 3 \ (5 + b 2 ) 2 + 2 

175 + 806 2 + 96 4 22 + 66 2 4(5 + b 2 ) 

(5 + 6 2 ) 3 (5 + 6 2 ) 3 (5 + 6 2 ) 2 + 2 

9b 2 + 35 22 + 66 2 4 



-226- 66 3 
(5 + 6 2 ) 3 



/d 



4fd 



(5 + 6 2 ) 2 (5 + 6 2 ) 2 (5 + 6 2 ) 2 + 2 
6 4 - 6 2 + 10 88 + 246 2 



fd 



\ (5 + 6 2 ) 2 (5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2) 
522(^') = gn{e'i)A\A\ + 2g 12 {e'i)A\A 2 + 2g^)A\A\ 

+g 22 {e'±)A 2 A 2 + 2g 23 (e / >)A 2 A 3 + g 33 (e^)A 3 A 3 
i + 46b 2 + 61 



fd 



1 



(5 + 6 2 ) 3 
23 + 46 2 + 36 4 

+2 2(5 + 6 2 ) 3 ( ~ /b)2/b 
+ 2^S(-f b)bfb 



(-M(-fb) 



(5 + 6 2 ) 3 
+ 2-^2/ b 6/ b 



(5 + 6 2 ) 3 
(5 + 6 2 - 2 



1 



-2 + 66 2 

+ (5 + 6 2 ) 3 
-66 2 + 10 x 

(5 + 6 2 ) 3 



2/ b 2/ b 



62 _ 2 25 + _ 106 2 + 6 4 )/ ^ i 



bf b bf b 



(5 + 6 2 ) s 
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3. IlpHMcpM npocTpaHCTBa Mhhkobckoto 



9'iM) = m{e'i)A\A\ + g 12 {e'i)A\Al + g^)A\A\ 
+ gi ^A\Al+g^{e^A\Al 

+g 22 (e>l)A 2 2 A 2 3 + 92z^)A\A% + g^)A\A\ + 9 s 3 (e^A 3 2 A 3 3 
1 (5 + 62)3 ) 

23 + 46 2 + 36\ -23 + 46 2 + 36 4 , 

/&)2/ d H — (-; d )zfb 



2(5 + 6 2 ) 3 v Ja 2(5 + 6 2 ) 3 
-226 -6b 3 , -226- 66 3 

" (5 + 6 2 )3 (-fbWd + (5 + 62)3 (-/^ 

-2 + 66 2 \ -116 + 6 3 

1+ (5W) 2 ^ + (5W 2/A 



( 5 + 6 2 ) 3 ^^^ V (5 + 6 2 ) 3 

;,2 i /i l4 



C3 4 65 ) L., 50 + 306 2 + 46 4 \ 10 + 26 2 

( } = ( 5 + ^ (5 + 6 2 ) 3 ) + (5T6^ M/b/d 

4(5 + 6 2 ) 50 + 306 2 + 46 4 



(5 + 6 2 ) 2 + 2 (5 + 6 2 ) 3 



(5 + 6 2 ) 2 W5 + b 2 ) 2 + 2 

4(5 + 6 2 ) 50 + 306 2 + 46 4 1 



(5 + 6 2 ) 2 + 2 (5 + 6 2 ) 3 (5 + 6 2 )' 

8 \ 

Jbjd 



(5 + 6 2 )((5 + 6 2 ) 2 + 2) 

4(5 + 6 2 ) 100 + 406 2 + 46 4 

(5 + 6 2 ) 2 + 2 (5 + 6 2 ) 3 

8 



(5 + 6 2 )((5 + 6 2 ) 2 + 2) 
4(5 + 6 2 ) 4 



hf, 



d 



(5 + 6 2 ) 2 + 2 5 + 6 2 (5 + 6 2 ) ((5 + 6 2 ) 2 + 2), 



A/d = 
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9'k(e'i) = 9ii(e'i)A\Al + 2g 12 {e'i)A\Al + 2« ?13 (e 2 ')^I 

+ 922 {e'i)AlAl + 2 523 (^)^!^1 + 9^A%A% 
88 + 466 2 + 6b 4 \ 

1 — (5 + ^3 ) i-m-u) 

-23 + 46 2 + 3^ 
— 2(5 + 6 2 ) 3 t-/d)2/ d 

-6fc 2 + 10\ 2 50 + 30& 2 + 126 4 



5 + 1 + — — =W~- ef 8 - 



(3.4.66) V V (5 + 6 2 ) 3 J (5 + 6 2 ) 3 



I6b 3 d 
(5 + 6 2 ) 3 



-6fc 2 + 10\ l2 50 + 306 2 + 126 4 
5 + 1 + — — t^ttt d 2 



(5 + 6 2 ) 3 y (5 + 6 2 ) 3 

( 4(5 + 6 2 ) _NN 



(5 + 6 2 ) 3 V(5 + 6 2 ) 2 + 2 



-6fe 2 + 10 \ 2 50 + 306 2 + 126 4 806 2 



(5 + 6 2 ) 3 y (5 + 6 2 ) 3 (5 + 6 2 ) 3 

64b 2 \ 2 

(5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2) / ^ 

-6fc 2 + 10\ 2 50 + llOfe 2 + 126 4 646 2 \ 2 

+ (5 + 6 2 ) 3 ) (5 + 6 2 ) 3 + (5 + 6 2 ) 2 ((5 + 6 2 ) 2 + 2) ) td 



5<> 



3. IlpiiMcpbi npocTpaHCTBa MliHKOBCKOrO 



PaBeHCTBO (3.4.61) cjie^yeT 113 (3.4.64), (3.4.65), (3.4.66). H3 paBeHCTB (2.5.3), (3.4.53), (3.4.56), cjie^yeT 

- 46d 2 + 6d 4 



(3.4.67) 



rfiW) = gn&) = i-- 



1 - 
-1 
-1 
-1 
-1 



i-h) + 



-23 + 4d 2 + 3d 4 



22 + 6d 2 

(5 + d 2 ) 3 
22 + 6d 2 



2(5 + d 2 ) E 



bd ) f\ 



8 + 46d 2 + 6d 4 

(5 + d 2 ) 3 
65 + 50d 2 + 9d 4 

(5 + d 2 ) 3 
65 + 50d 2 + 9d 4 

(5 + d 2 ) 3 
175 + 80d 2 + 9d 4 

(5 + d 2 ) 3 (5 + d 2 ) 3 ((5 + 6 2 ) 2 

9d 2 + 35 8(ll + 3d 2 )(5 + 6 2 ) 



2/6 



-22d - 6d 3 . 
(5 + d 2 ) 3 



-6/6 



4(5 + 6 2 ) 



(5 + d 2 ) 3 V(5 + & 2 ) 2 + 2 
8(ll + 3d 2 )(5 + fr 2 ) 

2) 



- 5 



(5 + d 2 ) 2 (5 + d 2 ) 3 ((5 + 6 2 ) 2 + 2) 
46d 2 + 6d 4 \ , „ , -23 + 4d 2 



= 1- 



(5 + d 2 ) 3 

22d- 6d 3 ,„ 
dfd 



(-/*) + 



fb 



3d 4 



2(5 + d 2 ) 3 



(5 + d 2 ) 3 

65 + 28d 2 

-1 + 



3d 4 



h = -1 



3d 2 + 13 

(5 + d 2 ) 3 J •'" V * ' (5 + d 2 ) 2 
-d 4 -7d 2 -12\ . (d 2 + 3)(d 2 +4) , 

■> d = IK 1 J d 



2/ d 



/d 



(5 + d 2 ) 2 ; ja (5 + d 2 ) 2 

511(53)^2^2 + 2 5l2 (e!()AiA 2 + 2 5l 3(4')^2^i 
+322(40^1^1 + 2<fe 3 (eM^ + <?33(e 3 ')^^i 



= 1- 



88 + 46d 2 + 6d 4 



(5 + d 2 ) 3 
-23 + 4d 2 + 3d 4 , 

2 — — (-Jb)^Jb 



(-fb)(-fb) 



2(5 + d 2 ) 3 

^<-« 

-6d 2 + 10 

-6d 2 + 10 

(5 + d 2 ) 3 
-6d 2 + 10 



1 



-2 + 6d 2 

' + (5 + d 2 ) 3 
-6d 2 + 10 



2/ fc 2/ b 



(5 + d 2 ) 3 
50 + 30d 2 



bfbbf b 
12d 4 



16d 2 



= 5+1 + 



= 5 



1 + '(5 + d 2 ) 3 
64d 2 (5 + 6 2 ) 



b 2 - 



b 2 - 



/6 2 



(5 + d 2 ) 3 
50 + 30d 2 + 12d 4 

(5 + d 2 ) 3 
50 + 30d 2 + 12d 4 

(5 + d 2 ) 3 



(5 + d 2 ) 3 
16d 2 



bd ) ft 



4(5 + b 2 



(5 + d 2 ) 3 V(5 + fo 2 ) 2 + 2 
80d 2 



(5 + d 2 ) 3 ((5 + 6 2 ) 2 + 2) 

= i5+ii+ ; 6rf2 tl° V- 5 



(5 + d 2 ) 3 



110d 2 + 12d 4 



(5 + d 2 ) s 



(5 + d 2 ) 3 

64d 2 (5 + fr 2 ) 
h (5 + d 2 ) 3 ((5 + 6 2 ) 2 + 2) 



/6 2 
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(3.4.68) 



+ gi ^)A\Al + 9l ^)A\Al 



= 1- 



+ 922 {e'i)AlAl + 3 2 3 (e 3 ')A 2 A 3 + 923^)^ + s 33 (eMA§ 
88 + 46d 2 + 6d 4 \ , ,,, . , 
(5 + d 2 ) 3 ) i-fbK-fd) 
-23 + 4(^ + 3^ -23 + 4d 2 + 3d 4 

+ 2(5 + d 2 ) 3 1 2(5 + d 2 ) 3 1 /dj J " 

-22d-6d 3 -22d_6d 3 

-{-fb)dfd + , , 2 -o {-fd)bfb 



(5 + d 2 ) 3 
' -2 + 6d 2 



(5 + d 2 ) 3 

-llrf + d 3 
H — 7^- — T^r^JdOjb 



(5 + d 2 ) 3 

-lld + d 3 
2/ 6 2/ d + ———2f b df d 



(5 + d 2 ) 3 



6d 



1 



(5 + d 2 ) 3 
-6d 2 + 10' 

(5 + d 2 ) 3 



dfddfd 



50 + 30d 2 +4d 4 \ 10 + 2d 2 
(5 + d 2 ) 3 J + (5 + d 2 ) 3 ' 



bd fbfd 



50 + 30d 2 + 4d 4 , 4(5 + 6 2 ) ( 2(5 + d 2 ) ^ 4(5 + & 2 ) 

(5 + d 2 ) 3 
50 + 30d 2 + 4d 4 



4 (5 + 6 2 

(5 + d 2 ) 3 ^ (5 + 6 2 ) 2 + 2 
50 + 30d 2 + 4d 4 4(5 + b 2 ) 



(5 + b 2 ) 2 + 2 (5 + d 2 ) 3 V(5 + fo 2 ) 2 + 2 



4 (5 + & 2 



(5 + d 2 ) 2 V(5 + fo 2 ) 2 + 2 
10 8(5 + b 2 ) 



fbfd 
fbfd 



(5 + b 2 ) 2 + 2 (5 + d 2 ) 2 (5 + d 2 ) 2 ((5 + 6 2 ) 2 + 2) 



+ 



4(5 + b 2 



(5 + d 2 ) 3 
50 + 30d 2 + Ad 4 10(5 + d 2 

(5 + d 2 ) 3 (5 + d 2 ) 3 ' (5 + 6 2 ) 2 + 2 

100 + 40d 2 + 4d 4 4(5 + b 2 ) (, 2 

(5 + d 2 ) 3 + (5 + 6 2 ) 2 + 
4(5 + d 2 ) 2 4(5 + b 2 ) 



fbfd 



1 



(5 + d 2 ) : 



(5 + d 2 ) 2 

fbfd 



fbfd 



{5 + d 2 ) 3 
4 



(5 + & 2 ) 2 + 2 
4(5 + b 2 ) 



(5 + d 2 ) 2 (5 + 6 2 ) 2 + 2 



(5 + d 2 ) 2 
2 

(5 + d 2 ) 2 



fbfd 
fbfd 



9Un) = 9u<j%)A\A\ + 2 5l2 (e( j ')A 4 A 2 + 2« ?13 (e 3 ')^I 
+. 922 (e 3 ')A 2 ^ 2 + 2. 923 (e 3 ')^lA 3 + 533 (e 3 ')^^ 



= 1- 



88 + 46d 2 + 6d 4 



(5 + d 2 ) 3 
-23 + 4d 2 + 3d 4 , 

+2 2(5 + d 2 ) 3 (_/d)2/d 
-22d_6d 3 

+2 (5 + d 2 ) 3 { - fd)dfd 
+2^±f 2 / d d/, 



(-fd)(-fd) 




2(5 + d 2 ) 2 
(5 + d 2 ) 3 



./I 



Pa B eHCTBO (3.4.62) cjie^yeT H3 (3.4.67), (3.4.68). 



□ 
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3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



Cjie,h,CTBHE 3.4.7. OmnocumeAwo 6a,3uca e" , onpedeAennozo paeencmeoM (3.4.56), Mampuup, (2.3.9), 
coomeemcmeyiouyasi qiuncAepoeoil MempuKe F 2 , onpedeAennou paeencmeoM (3.4.1), UMeem eud 

( 



(3.4.69) 



1 

(6 2 + 3)(6 2 +4) 
(5 + b 2 ) 2 

(rf 2 + 3)(rf 2 + 4) 
(5 + d 2 ) 2 



fb 



fd 








□ 



3.4.3. IIpHMep flBHJKeHHH b npocTpaHCTBe Mkhkobckoto pa3MepHOCTH 3. 



TEOPEMA 3.4.8. PaccMompuM npocmpaHcmeo Muhkobckozo c (fiuHCJiepoeou MempuKou, onpedeAennou 
paeencmeoM (3.4.1). 

CozAacno nocmpoenuw e nodpa3deAe 3.4-1, 6a3uce\, onpedeAennuu paeencmeoM (3.4.28), 



(3.4.70) 



(ei.i ei.2 ei.3) — fei 



e-i e-i 



1 



2 



1 



o 



23 



/ 



(3.4.71) ei-k = e 1 .le i 

KeAsiemcR opmonopMupoeannuM 6a3ucoM. 

CozAacno nocmpoenuw e nodpasdeAe 3.4-2, 6a3uc e.2, onpedeAennuu paeencmeoM (3.4.56), 



(3.4.72) 



(e 2 -i 



e2-2 e2-3 



ei e 2 e 3 



A 


-h 


-fcT* 





2/6 




V° 


bf b 


dfd j 



(3.4.73) e 2 -k = e 2 .fe 

KeAnemcK opmonopMupoeannuM 6a3ucoM. 

PaccMompuM deuofcenue A, omo6paotcawuj > ee 6a3uc e\ e 6a3uc e.2 



(3.4.74) 



'2-fc 



Ilycmb deumcenue A omo6pawcaem 6a3uc e 2 e 6a3uc e-$ 

(3.4.75) e 3 .l = A)e 2 .{ 
Ba3uc (=3 ne neAsiemcfi opmonopMupoeannuM 6a3ucoM. 

flOKA3ATEJibCTBO. H3 paBeHCTBa (3.4.74) cjie,nyeT 

(3.4.76) A) = e 2 \e- x lk 3 
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H3 paBeHCTBa (3.4.70) cjie^yeT 



(3.4.77) 



H3 paBeHCTB (3.4.72), (3.4.76), (3.4.77) cjie/iyeT 



(l 



v° 



o\ 



1 
1 /23 

Wt 







(l 


-A 


-/^ 


(l 


1 

2 


o\ 


(3.4.78) 


A = 





2/ 6 


2/ d 








1 






1° 


6/ 6 


d/d j 


v° 


1 /23 

2vy 





1 1 



fd 



-fb 
2/6 
6/6 



Hs paBeHCTB (3.4.72), (3.4.78), (3.4.75) cjie^yeT 

A 1 1. /23 \ 

1 2 _ 2 /d vy ~ /b 



e3 



(3.4.79) 

















2/6 
6/6 

2~3 



^1 ~fb -fd^ 
2/ 6 2/ d 
v 6/ 6 rf/d y 



-A/dA/y - 6/ b 2 
23 



/y + 26/, 2 

23 ,2,2 



df b fd\lY + b fb 



( #2/23 , 
-/ d y y - a/&/d 

2/d 2 \/f +2d/6/d 
23 



dfi\l^ + bdf b f d 



IlycTb 
(3.4.80) 
Torfla 
(3.4.81) 



a = /&/d 



/3 = /J 



+ 6/ fa 2 l = df b fd\ 



e3-2 



rf/h/d 


P = # 2 1 


/23 








2a 


£3.3 = 


2/3 






w 



6 2 A 2 



bdfbfd 



HocKOjibKy nocjie/iyioiHHe BHraiicjieHiifl o^eHb cjicokhm, to pjisi Toro, ^ToSti nojiyniiTb otbct pjin KOHKpeTHbix 
3HaHeHHit a, mm HaniicajiH nporpaMMy HaC#. PacneTbi BbinojiHeHM na ocHOBaHiin TeopeMbi 3.4.5 h paBeHCTB 
(3.4.48), (3.4.54), (3.4.55), (3.4.80). yTBepjKflemie TeopeMM cjie^yeT H3 pacneTOB, npiiBe/jeHHbix b npiiMepax 
3.4.9, 3.4.10. □ 



GO 



3. IlpiIMCpbl npOCTpaHCTBa MHHKOBCKOrO 



IIphmep 3.4.9. IlycTb b = 1. Tor^a 

d = -4.3684210526 f b = 0.4200840252 f d = 0.2041239040 



e3-2 



-0.3603821145 
0.7207642289 
^-0.6269323948y 



e3-3 = 



\ 



0.2852237394 
-0.5704474788 
y-0.7649717899y 



5(e3-2) 



0.4543053517 0.0160337367 0.1351074203 
0.0160337367 1.031248994 0.0268266657 



^0.1351074203 0.0268266657 0.9842227918^ 
<? y (e3.2)e 3 .^ 3 . J 3 = 0.0157973688 

IIphmep 3.4.10. IlycTb 6=100. Tor^a 

d = -0.049996002 f b = 0.009997501 f d = 0.4661156563 



(- 



e3-2 



5(e3.2) 



0.019989571554 
0.0399791431 
0.9990005814 



e3-3 



-0.4657459676 
0.9314919353 
y-0.0465951802y 



0.9976047372 0.0005972998 -0.0000785154 
0.0005972998 1.000000956 0.0000079285 
-0.0000785154 0.0000079285 0.9999990446 
//^r,.^;,^;,' = -0.000013181 



□ 



□ 



3.5. IIpHMep npocTpaHCTBa MnHKOBCKoro pa3MepHOCTH 4 

Mbi paccMOTpiiM npHMep cpHHCjiepoBoii MeTpiiKH npocTpaHCTBa MiiHKOBCKoro pa3MepHOCTH 4 (paccMaT- 
piiBaeMaa MeTpnKa HBjiaeTCH nacTHBiM cjiynaeM mctphkh [12]-(3); mbi nojiaraeM c = 1) 



(3.5.1) 



F\v) = -(v ) 2 + ((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) ( 1 H 
= -(v ) 2 + (v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 + 



((v 1 ) 2 + (u 2 ) 2 + (v 3 ) 2 ) 2 
(v^v 2 



{v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 

CooTBeTCTByromee npocTpancTBO MiiHKOBCKoro V moscho npeflCTaBHTB b BHfle npaMoii cyMMti 

V = V 3 © R 

r^e V3 - npocTpaHCTBO MiiHKOBCKoro, paccMOTpeHHoe b pa3flejie 3.4. 
ITycTB 



,.0\2 



(3.5.2) 



F^v\v 2 ,v 3 ) = (v 1 f + (v 2 ) 2 + (v 3 ) 2 + 



(v^v 2 



(v 1 ) 2 + (v 2 ) 2 + (t> 3 ) 2 
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CooTBeTCTBeHHO, mbi MO>KeM npeflCTaBHTb (pyHKiuiio F 2 b Bn^e cyMMbi 

(3.5.3) F 2 (v Q ,v\v 2 7 v 3 )=F 2 (v\v 2 ,v 3 )+F 2 (v°) 

OyHKi^mi F 2 HBjraeTCH (JjHHCjiepoBoit MeTpiiKoft npocTpancTBa Mhhkobckoto, paccMOTpeHHoro b pa3,a,e.jie 3.4. 

Teopema 3.5.1. QyHK-nusi F 2 nenpepuena e mowne (0,0,0) u MOMcem 6wmb npodoAotcena no rtenpepue- 
Hocmu 

(3.5.4) F 3 2 (0,0,0) = 

,H,OKA3ATEJIL>CTBO. TaK KaK 

(v 1 ) 2 < (v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 

to ((v\v 2 ,u 3 ) ^ (0,0,0)) 

(3-5-5) ; ,.L , 73^ < 



(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 - {v 1 ) 2 
Ji3 HepaBeHCTBa (3.5.5) h paBGHCTBa (3.5.2) cjie^yeT ((v 1 , v 2 , v 3 ) ^ (0,0,0)) 



(3.5.6) \F 2 (v L ,v',v 3 )\ < (v 1 ) 2 + (vY + (v 3 ) 2 + 



(v 1 ) 



1\2 



( w l)2 + (w 2 ) 2 + (w 3 ) 2 + |w l w 2 | 



fljia 3a,n,aHHoro e > nycTB S = Tor,a,a H3 HepaBeHCTBa (3.5.6) h Tpe6oBamia 

\v l \<5 \v 2 \<5 \v 3 \<5 

cjie,ayeT ((v 1 , v 2 , v 3 ) ^ (0, 0, 0)) 

(3.5.7) \ F i^yy )l <i + ^ + i + i = e 

CjieflOBaTejibHO, (pyHKUHH F 2 Henpepbmna b tohkg (0, 0, 0) n 

lim Fi(v 1 ,v 3 ,v 3 ) = 

(t) 1 ,D 2 ,t) 3 )-)-(0 1 0,0) 



□ 



Teopema 3.5.2. 

(3.5.8) F 2 (a, 0,0,0) = F 2 {a) = -a 2 

,HOKA3ATEJit>CTBO. PaBeHCTBO (3.5.8) cjie^yeT H3 paBencTBa (3.5.3) h TeopeMti 3.5.1. □ 



3 '^3HaMeHiie (pyHKirnn F% b tomkb (0,0,0) njioxo onpe^ejieHO, TaK KaK BbipajKeime BKjiiOMaeT othoiiighhb ppyx SecKOHeMHO 
Manbix. 



02 



3. IlpiiMcpbi npocTpaHCTBa MliHKOBCKOrO 



TEOPEMA 3.5.3. Quncjicpoea McmpuKa F 2 . onpcdeAcnnan paeencmeoM (3.5.1) nopoatcdaem MempuuecKuu 
meH3op npocmpancmea Muhkobckozo 



(3.5.9) 

(3.5.10) 
(3.5.11) 
(3.5.12) 
(3.5.13) 
(3.5.14) 
(3.5.15) 



5oo (v) 



-1 



9u(v) = 1 - 



(u 1 ) 3 ^ 2 ) 3 + (u 1 ) 3 ^ 3 ) 2 



312 (v) 
9i3(v) 

322 (w) 

g23{v) 

333 (v) 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

6^2)3(^3)2 + 3^2)5 + 3^1^2^3)4 
(( V l)2 + ( W 2)2 + (,,3)2)3 

1 (v 1 ) 6 + G^ 1 ) 4 ^ 2 ) 2 - 3(^) 2 (z; 2 ) 4 + 4(i> 1 ) 4 (t; 3 ) 2 + Sjv 1 ) 2 ^ 3 ) 4 

2 {(v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 
(v 1 )^ 3 - Hv 1 ) 2 ^ 2 )^ 3 - 3(^)V(?; 3 ) 3 

((v 1 ) 2 + (v 2 ) 2 + {v 3 ) 2 ) 3 

(„1)3(„2)3 _ 3(^1)5^2 _ 3^1)3^2^3)2 

({v 1 ) 2 + {v 2 ) 2 + {v 3 ) 2 ) 3 
S^ 1 ) 3 ^ 2 ) V - (v 1 )^ 3 - (v 1 ) 3 ^ 3 ) 3 

((^1)2 + ( w 2)2 + ( w 3)2)3 
3(^1)3^2^3)2 _ (^1)5^2 _ (^1)3(^2)3 



= 1 



((v 1 ) 2 + (v 2 ) 2 + (v 3 ) 2 ) 3 

flOKA3ATEJit>CTBO. PaBeHCTBa (3.5.10), (3.5.11), (3.5.12), (3.5.13), (3.5.14), (3.5.15) hbjihiotch cnep,- 
ctbhgm TeopeMbi 3.4.1 h paBeHCTBa (3.5.3). Ife paBeHCTBa (3.5.3) cjie^yeT 



(3.5.16) 



9F 2 (v) 9J? , 1 a 3 ^^3(« 1 ,w a ,« 3 ) 



1,2,3 



9w l dv l 
H3 paBGHCTB (2.2.2), (3.5.1), (3.5.16) cjie^yeT 

(3.5.17) 9oj(v) = i =1,2,3 

Teopema 3.5.4. Ecjiu eenmopu 



(3.5.18) 



nopoofcdawm opmonopMupoeaHnuu 6a.3uc npocmpancmea Muhkobckozo V3, mo eeKmopu 

M M M fl\ 



□ 





(°) 










ei = 


e i 


62 = 


e 2 


e3 = 


4 




e? 




el 




el 




[el) 











(3.5.19) 



'2 = 



V e i/ 



f 2 

' 2 



P'3 



eo 



\4j 






w 



nopoofcdawm opmonopMupoeaHnuu 6a3uc npocmpancmea Muhkobckozo V . 
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fi:i 



^],OKA3ATEJlbCTBO. CorjiacHO paBeHCTBy (3.5.3) , ecjiH BeKTopti a, b € V3 opToroHajitHti b npocrpaHCTBe 

MUHKOBCKOTO V3, TO 3TI1 BeKTOpbl TaKJKe OpTOrOHajIbHbl B npOCTpaHCTBe MllHKOBCKOrO V. CjieflOBaTejIbHO, 

BeKTopti e 1; e 2 , e 3 npiiHafljiejKaT opTOHopMHpoBaHHOMy 6a3Hcy npocTpancTBa MiiHKOBCKoro V. H3 TeopeMti 
3.5.3 cjie^yeT, hto 

9H (ei)ef 4 = 5 fco (e^ = * = 1,2,3 
Cjie/i,OBaTejibHO, BeKTop eo opToroHajieH BeKTopy e^, i = 1, 2, 3. CorjiacHO paBeHCTBy (3.5.8) 

F 2 (e ) = -1 

□ 
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